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1. Introduction 

The purpose of the present paper is to develop a theory of multi-fans which is an 
outgrowth of our study initiated in the work [21] on the topology of torus manifolds (the 
precise definition will be given later). A multi-fan is a combinatorial object generalizing 
the notion of a fan in algebraic geometry. Our theory is combinatorial by nature but it 
is built so as to keep a close connection with the topology of torus manifolds. 

It is known that there is a one-to-one correspondence between toric varieties and fans. 
A toric variety is a normal complex algebraic variety of dimension n with a (C*) n -action 
having a dense orbit. The dense orbit is unique and isomorphic to (C*) n , and other orbits 
have smaller dimensions. The fan associated with the toric variety is a collection of cones 
in W 1 with apex at the origin. To each orbit there corresponds a cone of dimension 
equal to the codimension of the orbit. Thus the origin is the cone corresponding to the 
dense orbit, one-dimensional cones correspond to maximal singular orbits and so on. The 
important point is the fact that the original toric variety can be reconstructed from the 
associated fan, and algebro-geometric properties of the toric variety can be described in 
terms of combinatorial data of the associated fan. 

If one restricts the action of (C*) n to the usual torus T = (S l ) n , one can still find 
the fan, because the orbit types of the action of the total group (C*) n can be detected 
by the isotropy types of the action of the subgroup T. Take a circle subgroup S of T 
which appears as an isotropy subgroup of the action. Then each connected component of 
the closure of the set of those points whose isotropy subgroup equals S is a T-invariant 
submanifold of real codimension 2, and contains a unique (C*) n orbit of complex codi- 
mension 1. We shall call such a submanifold a characteristic submanifold. If Mi, . . . , 
are characteristic submanifolds such that Mi D • • • D M\. is non-empty, then the submani- 
fold Mi fl • • -nMfc contains a unique (C*) n -orbit of complex codimension k. This suggests 
the following definition of torus manifolds and associated multi-fans. 

Let M be an oriented closed manifold of dimension 2n with an effective action of an n 
dimensional torus T with non-empty fixed point set M T . A closed, connected, codimen- 
sion two submanifold of M will be called characteristic if it is a connected component 
of the fixed point set of a certain circle subgroup S of T, and if it contains at least one 
T-fixed point. The manifold M together with a prefered orientation of each characteris- 
tic submanifold will be called a torus manifold. The multi-fan associated with the torus 
manifold M involves cones in the Lie algebra L(T) of T, with apex at the origin. If M, is 
a characteristic submanifold and Si is the circle subgroup of T which pointwise fixes Mi, 
then Si together with the orientation of Mi determines an element Vi of Hom(S' 1 , T), and 
hence a one dimensional cone in the vector space Hom(S' 1 ,T) (g> K canonically identified 
with L(T). If Mi x ,...,Mi k are characteristic submanifolds such that their intersection 
contains at least one T-fixed point, and if v^, . . . ,Vi k are the corresponding elements in 
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Hom(S' 1 , T), then the fc-dimensional cone spanned by v^, . . . , Vi k lies in the multi-fan as- 
sociated with M. It should be noted that the intersection of characteristic submanifolds 
may not be connected in contrast with the case of toric manifolds where the intersection 
is always connected. For example, the intersection of a family of n characteristic sub- 
manifolds is a finite set consisting of T-fixed points. These data are also incorporated in 
the definition of the associated multi-fan in Section 2. 

One of the differences between a fan and a multi-fan is that, while cones in a fan 
intersect only at their faces and their union covers the space L(T) just once without 
overlap for complete toric varieties, it happens that the union of cones in a multi-fan covers 
L(T) with overlap for torus manifolds. Also the same multi-fan corresponds to different 
torus manifolds. Nevertheless it turns out that important topological invariants of a torus 
manifold can be described in terms of the associated multi-fan. In fact it is furthermore 
possible to develop an abstract theory of multi-fans and to define various "topological" 
invariants of a multi-fan in such a way that, when the multi-fan is associated with a torus 
manifold, they coincide with the ordinary topological invariants of the manifold. For 
example, the "multiplicity of overlap" , which we call the degree of the multi-fan, equals 
the Todd genus for a unitary torus manifold (unitary toric manifold in the terminology 
in [22j; the precise definition will be given in Section 9). 

Another feature of the theory of toric varieties is the correspondence between ample 
line bundles over a complete toric variety and convex polytopes. From a topological point 
of view this can be explained in the following way. Let (M, uo) be a compact symplectic 
manifold with a Hamiltonian T-action, and let \I/ : M — > L(T)* be an associated moment 
map. Then it is well-known (pQ, JH]) that the image P of ^ is a convex polytope. 
Moreover, if the de Rham cohomology class of uo is an integral class, then the polytope P is 
a lattice polytope up to translations in L(T)* identified with ¥L n . Delzant [9 j showed that 
the original symplectic manifold (M, uo) is equivariantly symplectomorphic to a complete 
non-singular toric variety and the form uo is transformed into the first Chern form of an 
ample line bundle L over the toric variety. It is known that the number of lattice points 
in P is equal to the Riemann-Roch number 



where T is the Todd class of M, see e.g. jTIJ. This sort of phenomenon was gener- 
alized to "presymplectic" toric manifolds by Karshon and Tolman j22j, then to Spin c 
toric manifolds by Grossberg and Karshon ^2] and also to unitary toric manifolds by 
the second-named author |2Zj in the form which relates the equivariant index of the line 
bundle L regarded as an element of Kt{M) to the Duistermaat-Heckman measure of the 
moment map associated with L. In these extended cases the form uo may be degenerate 
or the line bundle may not be ample, and consequently the image of the moment map 
may not be convex any longer. This leads us to consider more general figures which we 
call multi-polytopes. A multi-polytope is a pair of a multi-fan and an arrangement of 
affine hyperplanes in L(T)*. A similar notion was introduced by Karshon and Tolman 
[22] and also by Khovanskii and Pukhlikov [25! f° r ordinary fans under the name twisted 
polytope and virtual polytope respectively. We shall develop a combinatorial theory 
of multi-polytopes as well; we define the Duistermaat-Heckman measure and the equi- 
variant index in a purely combinatorial fashion for multi-fans and multi-polytopes, and 
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generalize the above results in the combinatorial context. Also we shall introduce a com- 
binatorial counterpart of a moment map which can be used to interpret the combinatorial 
Duistermaat-Heckman measure. 

In carrying out the above program, the use of equivariant homology and cohomol- 
ogy plays an important role. First note that the group Hom(S' 1 ,T) can be canonically 
identified with the equivariant integral homology group H 2 (BT), and hence the vector 
space L(T) with H 2 (BT,M.). In this way we regard vectors V{ in a multi-fan as lying in 
H 2 (BT,M>). On the other hand a characteristic submanifold with a fixed orientation 
determines a cohomology class £j in H^(M), the equivariant Poincare dual of Mj. These 
cohomology classes are fundamental for describing the first Chern class of an equivariant 
line bundle over M. This fact enables us to associate a multi-polytope and a generaliza- 
tion of the Duistermaat-Heckman measure with an equivariant line bundle. To a T-line 
bundle L whose equivariant first Chern class has the form cf(L) = ^Cj£i, we associate 
an arrangement of affine hyperplanes Fi in H 2 (BT; R) = L(T)* defined by 

Fi = {u e H 2 (BT; R) | = a}. 

This arrangement defines the multi-polytope associated with the line bundle L. Moreover 
it is possible to define the equivariant cohomology of a complete simplicial multi-fan and 
extend the results to such abstract multi-fans and multi-polytopes. 

If Vi x , . . . , Vi n are primitive vectors generating an ra-dimensional cone in the multi-fan 
associated with a torus manifold, then they form a basis of Hom(5' 1 , T). However, in the 
definition of abstract multi-fans, this condition is not postulated. From this point of view, 
it is natural to deal with torus orbifolds besides torus manifolds. This can be achieved 
without much change technically. More importantly every complete simplicial multi-fan 
(the precise definition will be given later) can be realized as a multi-fan associated with a 
torus orbifold in dimensions greater than 2. In dimensions 1 and 2, realizable multi-fans 
are characterized. 

Concerning the realization problem we are not sure at this moment whether every non- 
singular complete simplicial multi-fan is realized as the multi-fan associated with a torus 
manifold. In any case it should be noticed that a multi-fan may correspond to more than 
one torus manifolds unlike the case of toric varieties. 

We now explain the contents of each section. In Section El we give a definition of 
a multi-fan and introduce certain related notions. The completeness of multi-fans is 
most important. It is a generalization of the notion of completeness of fans. But the 
definition takes a somewhat sophisticated form. Section El is devoted to the T y -genus of 
a complete multi-fan. It is defined in such a way that, when the multi-fan is associated 
with a unitary torus manifold M, it coincides with the T^-genus of M. In Lemma II we 
exhibit an equality which is an analogue of the relation between /i-vectors and /-vectors 
in combinatorics (see e.g. P2|), and which, we hope, sheds more insight on that relation. 

In Sections 0] and El the notion of a multi-polytope and the associated Duistermaat- 
Heckman function are defined. As explained above, a multi-polytope is a pair V = (A, T) 
of an n-dimensional complete multi-fan A and an arrangement of hyperplanes JF = {Fi} 
in i7 2 (5T;R) with the same index set as the set of 1-dimensional cones in A. It is 
called simple if the multi-fan A is simplicial. The Duistermaat-Heckman function DHp 
associated with a simple multi-polytope V is a locally constant integer-valued function 
with bounded support defined on the complement of the hyperplanes {Fi}. The wall 
crossing formula (Lemma 15. H|) which describes the difference of the values of the function 
on adjacent components is important for later use. In Section El another locally constant 
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function on the complement of the hyperplanes {Fi} in a multi-polytope V, called the 
winding number, is introduced. It satisfies a wall crossing formula entirely similar to 
the Duistermaat-Heckman function. When the multi-fan A is associated with a torus 
manifold or a torus orbifold M and if there is an equivariant complex line bundle L over 
M, then there is a simple multi-polytope V naturally associated with L, and the winding 
number WN-p is closely related to the moment map of L. In fact it can be regarded as 
the density function of the Duistermaat-Heckman measure associated with the moment 
map. Theorem 16 .61 the main theorem in Section states that the Duistermaat-Heckman 
function and the winding number coincide for any simple multi-polytope. 

Sectional is devoted to a generalization of the Ehrhart polynomial to multi-polytopes. 
If P is a convex lattice polytope and if vP denotes the multiplied polytope by a pos- 
itive integer u, then the number of lattice points $(vP) contained in vP is developed 
as a polynomial in v . It is called the Ehrhart polynomial of P. The generalization to 
multi-polytopes is straightforward and properties similar to that of the ordinary Ehrhart 
polynomial hold ( Theorem 17. 2j) . If V is a simple lattice multi-polytope, then the associ- 
ated Ehrhart polynomial ${vV) is defined by 

tiyp) = E di W m )> 

u€H 2 (BT;Z) 

where V + denotes a multi-polytope obtained from V by a small enlargement. Lemma 
17.31 is crucial for the proof of Theorem 17.21 and for the later development of the the- 
ory. Its corollary, Corollary 17. 4^ gives a localization formula for the Laurent polynomial 
J2ugh 2 (bt-z) DHp + (w)f regarded as a character of T. It can be considered as a combina- 
torial generalization of Theorem 111.11 It reduces to %P when evaluated at the identity. 
Using this fact, in Section |H1 a cohomological formula expressing %P in terms of the "Todd 
class" of the multi-fan and the first "Chern class" of the multi-polytope is given in Theo- 
rem ESI The formula can be thought of as a generalization of the formula expressing the 
number of lattice points in a convex lattice polytope by the Riemann-Roch number of the 
corresponding ample line bundle. The argument is completely combinatorial. We define 
the equivariant cohomology H^(A) of a multi-fan A which is a module over H*(BT), the 
index map (Gysin homomorphism) n\ : H^(A) — > H*~ 2n (BT), the cohomology if* (A) 
of A and finally the evaluation on the "fundamental class" . As a corollary a generaliza- 
tion of Khovanskii-Pukhlikov formula ([213) for simple lattice multi-polytopes is given in 
Theorem I8.7I 

In Section |Hl it is shown how to associate a multi-fan with a torus manifold. It is also 
shown that the associated multi-fan is complete. Then, in Section the T^-genus of 
a general torus manifold is defined and is proved to coincide with the T y -genus of the 
associated multi-fan in Theorem llO.il As a corollary a formula for the signature of a torus 
manifold is given. In the same spirit the definition of the equivariant index of a line bundle 
over a general torus manifold is given in Section ^2 using a localization formula which 
holds in the case of unitary torus manifolds. The main theorem of this section, Theorem 
111. II gives a formula describing that equivariant index using the winding number. It 
generalizes the results of [22] , [J2] and |2ZI as indicated before. Results of Section El and 
El are crucially used here. 

In Section El necessary changes to deal with torus orbifolds are explained briefly. One 
of the remarkable points is that the torus action and the orbifold structure are closely 
related to each other for a torus orbifold as is explained in Lemma fl 2 .31 In the last section 
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the realization problem is dealt with. Main results of the section are Theorems 113. I|fl3. 21 
and ECU 

2. Multi-fans 

In [37] , we introduced the notion of a unitary toric manifold, which contains a compact 
non-singular toric variety as an example, and associated with it a combinatorial object 
called a multi-fan, which is a more general notion than a complete non-singular fan. In 
this section, we define a multi-fan in a combinatorial way and in full generality. The 
reader will find that our notion of a multi-fan is a complete generalization of a fan. 
We also define the completeness and non-singularity of a multi-fan, which generalize the 
corresponding notion of a fan. To do this, we begin with reviewing the definition of a 
fan. 

Let A be a lattice of rank n, which is isomorphic to Z n . We denote the real vector 
space A(g)R by A K . A subset a of A K is called a strongly convex rational polyhedral cone 
(with apex at the origin) if there exits a finite number of vectors vi, . . . ,v m in A such 
that 

a = {r\V\ + • • • + r m v m | 6 R and r« > for all i) 
and a fl (— a) = {0}. Here "rational" means that it is generated by vectors in the lattice 
N, and "strong" convexity that it contains no line through the origin. We will often call 
a strongly convex rational polyhedral cone in Ar simply a cone in N. The dimension 
dim a of a cone a is the dimension of the linear space spanned by vectors in a. A subset 
t of a is called a face of a if there is a linear function £: Ar — > R such that £ takes 
nonnegative values on cr and r = £ _1 (0) fl a. A cone is regarded as a face of itself, while 
others are called proper faces. 

Definition. A fan A in A is a set of a finite number of strongly convex rational polyhedral 
cones in Ar such that 

(1) Each face of a cone in A is also a cone in A; 

(2) The intersection of two cones in A is a face of each. 

Definition. A fan A is said to be complete if the union of cones in A covers the entire 
space Ar. 

A cone is called simplicial if it is generated by linearly independent vectors. If the 
generating vectors can be taken as a part of a basis of A, then the cone is called non- 
singular. 

Definition. A fan A is said to be simplicial (resp. non-singular) if every cone in A is 
simplicial (resp. non- singular). 

The basic theory of toric varieties tells us that a fan is complete (resp. simplicial or 
non-singular) if and only if the corresponding toric variety is compact (resp. an orbifold 
or non-singular). 

For each r 6 A, we define A T to be the quotient lattice of A by the sublattice generated 
(as a group) by rfl A; so the rank of A T is n — dim r. We consider cones in A that contain 
t as a face, and project them on (A t )r. These projected cones form a fan in A r , which 
we denote by A T and call the projected fan with respect to r. The dimensions of the 
projected cones decrease by dimr. The completeness, simpliciality and non-singularity 
of A are inherited to A r for any r. 
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We now generalize these notions of a fan. Let iV be as before. Denote by Cone(iV) the 
set of all cones in N. An ordinary fan is a subset of Cone(iV). The set Cone(iV) has a 
(strict) partial ordering -< defined by: r -< a if and only if r is a proper face of a. The cone 
{0} consisting of the origin is the unique minimum element in Cone(iV). On the other 
hand, let E be a partially ordered finite set with a unique minimum element. We denote 
the (strict) partial ordering by < and the minimum element by *. An example of E used 
later is an abstract simplicial set with an empty set added as a member, which we call 
an augmented simplicial set. In this case the partial ordering is defined by the inclusion 
relation and the empty set is the unique minimum element which may be considered as 
a (— l)-simplex. Suppose that there is a map 

C: E -> Cone(iV) 

such that 

(1) C(*) = {0}; 

(2) If / < J for /, J E E, then C(I) -< C( J); 

(3) For any J E E the map C restricted on {/ E E | I < J} is an isomorphism of 
ordered sets onto {kg Cone(iV) | k -< C(J)}. 

For an integer m such that < m < n, we set 

E (m) e E i dim c(/) =m }. 

One can easily check that E*" 1 ) does not depend on C. When E is an augmented simplicial 
set, I E E belongs to E*" 1 ) if and only if the cardinality |/| of / is m, namely I is an 
(m — l)-simplex. Therefore, even if E is not an augmented simplicial set, we use the 
notation |/| for m when I E E ( m ), 

The image C(E) is a finite set of cones in N. We may think of a pair (E, C) as a set of 
cones in N labeled by the ordered set E. Cones in an ordinary fan intersect only at their 
faces, but cones in C(E) may overlap, even the same cone may appear repeatedly with 
different labels. The pair (E, C) is almost what we call a multi-fan, but we incorporate 
a pair of weight functions on cones in C(E) of the highest dimension n = rankiV. More 
precisely, we consider two functions 

w ± : ^Z> . 

We assume that w + (I) > or w~(I) > for every I E E*™-'. These two functions have its 
origin from geometry. In fact if M is a torus manifold of dimension In and if , . . . , Mj n 
are characteristic submanifolds such that their intersection contains at least one T-fixed 
point, then the intersection Mj = f] u M iv consists of a finite number of T-fixed points. At 
each fixed point p E Mj the tangent space r p has two orientations; one is endowed by the 
orientation of M and the other comes from the intersection of the oriented submanifolds 
Mi v . Denoting the ratio of the above two orientations by e p we define the number w + (I) 
to be the number of points p E Mi with e p = +1 and similarly for w~(I). More detailed 
explanation will be given in Section 9. 

Definition. We call a triple A := (E,C, u^) a multi-fan in N. We define the dimension 
of A to be the rank of iV (or the dimension of A/r). 

Since an ordinary fan A in iV is a subset of Cone(iV), one can view it as a multi-fan 
by taking E = A, C = the inclusion map, w + = 1, and w~ = 0. In a similar way as 
in the case of ordinary fans, we say that a multi-fan A = (E, C, w^) is simplicial (resp. 
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non-singular) if every cone in C(E) is simplicial (resp. non-singular). The following 
lemma is easy. 

Lemma 2.1. A multi-fan A = (T l ,C,w ± ) is simplicial if and only ifH is isomorphic to 
an augmented simplicial set as partially ordered sets. 

The definition of completeness of a multi-fan A is rather complicated. A naive definition 
of the completeness would be that the union of cones in C(E) covers the entire space N^. 
But it turns out that this is not a right definition if we look at multi-fans associated 
with unitary torus manifolds, see Section 13 Although the two weighted functions are 
incorporated in the definition of a multi-fan, only the difference 

w := w + — w~ 

matters in this paper except Section We shall introduce the following intermediate 
notion of pre-completeness at first. A vector v G iV R will be called generic if v does not 
lie on any linear subspace spanned by a cone in C(E) of dimesnsion less than n. For a 
generic vector v we set d v = Y^ v eC(i) w (I)' where the sum is understood to be zero if 
there is no such I. 

Definition. We call a multi-fan A = (E, C, w^) of dimension n pre-complete if E^ n ^ 7^ 
and the integer d v is independent of the choice of generic vectors v. We call this integer 
the degree of A and denote it by deg(A). 

Remark. For an ordinary fan, pre-completeness is the same as completeness. 

To define the completeness for a multi-fan A, we need to define a projected multi-fan 
with respect to an element in E. We do it as follows. For each K G E, we set 

E x := {J G E I K < J}. 

It inherits the partial ordering from E, and K is the unique minimum element in E^. A 
map 

C K : Ex -> Cone{N c{K) ) 

sending J G E^ to the cone C(J) projected on (N C ^) K satisfies the three properties 
above required for C. We define two functions 

% i :Ef- W) cS("Uz> 

to be the restrictions of w ± to E^ - '^'^ The triple Ak '■= (E^r, Ck, wk^) is a multi-fan 
in N C ( K \ and this is the desired projected multi-fan with respect to K G E. When A is 
an ordinary fan, this definition agrees with the previous one. 

Definition. A pre-complete multi-fan A = (E, C, u^) is said to be complete if the pro- 
jected multi-fan Ak is pre-complete for any K G E. 

Remark. A multi-fan A is complete if and only if the projected multi-fan Aj is pre- 
complete for any J G E^™ -1 ). The argument is as follows. The pre-completeness of Aj 
for J G E^™ -1 ) implies that d v = ^2 ve( jm W (I) remains unchanged when v gets across the 

codimension one cone C(J), which means the pre-completeness of A. Since E^ ' X ' is 
contained in for any K G E, the pre-completeness of Aj for any J G E^™ -1 ) also 

implies the pre-completeness of Ax for any K G E. 
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Figure 1. 

Example 2.2. Here is an example of a complete non-singular multi-fan of degree two. 
Let Vi, . . . , i>5 be integral vectors shown in Figure ^ where the dots denote lattice points. 

The vectors are rotating around the origin twice in counterclockwise. We take 

E = {0, {1}, . . . , {5}, {1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 1}}, 

define C: E -> Cone(iV) by 

C({i}) = the cone spanned by t%, 

C({i, i + 1}) = the cone spanned by Vi and Uj+i, 

where z = 1, . . . , 5 and 6 is understood to be 1, and take w ± such that w = 1 on every 
two dimensional cone. Then A = (E, C, w^) is a complete non-singular two-dimensional 
multi-fan with deg(A) = 2. 

Example 2.3. Here is an example of a complete multi-fan "with folds". Let v±, ... ,1)5 
be vectors shown in Figure El 

L'2 




V3 V 5 



Figure 2. 

We take the same E and C as in Example 12.21 and take w such that 

w({3,4}) = -1 and w({i, i + 1}) = 1 for i 3. 

Then A = (E, C, u; ) is a complete two-dimensional multi-fan with deg(A) = 1. 

A similar example can be constructed for a number of vectors v±, . . . ,Vd (d > 3) by 
defining 

w({i, i + 1}) = 1 if Vi and Vi+\ are rotating in counterclockwise, 
w({i,i + 1}) = —1 if Vi and v i+ i are rotating in clockwise, 
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where d + 1 is understood to be 1. The degree deg(A) is the rotation number of the 
vectors v i, . . . , Vd around the origin in counterclockwise and may not be one. 

Example 2.4. Here is an example of a multi-fan which is pre-complete but not complete. 
Let vi, . . . ,v 5 be vectors shown in Figure El 



V2 = V 5 




v 3 

Figure 3. 

We take 

S = {0, {1}, . . . , {5}, {1, 2}, {2, 3}, {3, 1}, {4, 5}}, 

define C : S —>■ Cone(iV) as in Example 12.21 and take w ± such that 

w({l, 2}) = 2, w({2, 3}) = 1, w({3, 1}) = 1, w({4, 5}) = -1. 

Then A = (£,C, w^) is a two-dimensional multi-fan which is pre-complete (in fact, 
deg(A) = 1) but not complete because the projected multi-fan A^} for i ^ 3 is not 
pre-complete. 

So far, we treated rational cones that are generated by vectors in the lattice N. But, 
most of the notions introduced above make sense even if we allow cones generated by 
vectors in which may not be in N. In fact, the notion of non- singularity requires the 
lattice N, but others do not. Therefore, one can define a multi-fan and its completeness 
and simpliciality in this extended category as well. The reader will find that the arguments 
developed in Sections El through [HI work in this extended category. 

3. T^-GENUS OF A MULTI-FAN 

A unitary torus manifold M determines a complete non-singular multi-fan. (This will 
be discussed and extended to torus manifolds in Sectional) On the other hand, the T y - 
genus (also called Xy-genus) for unitary manifolds introduced by Hirzebruch in his famous 

x(l + ye~^ 1+y ^ x ) 

book [20] i s defined for M. Its characteristic power series is given by — -(i+ y ) x — ' ^ 

is a polynomial in one variable y of degree (at most) |dimM. The Kosniowski formula 
about the T y -genus for unitary S^-manifolds (see [IB], [23) and the results in [2Z1 imply 
that the T y -genus of M should be described in terms of the multi-fan associated with 
M. In this section (and in Section fTT)|) we give the explicit description. In fact, our 
argument is rather more general. We think of the T^-genus of M as a polynomial invariant 
of the associated multi-fan which is complete and non-singular. It turns out that the 
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polynomial invariant can be defined not only for the multi-fans associated with unitary 
torus manifolds but also for all complete simplicial multi-fans. 

Since the lattice N is unnecessary from now until the end of Section® we shall denote 
the vector space, in which cones sit, by V instead of Let A = (S, C, itr* 1 ) be a complete 
simplicial multi-fan defined on V. By Lemma Pi.ll we may assume that £ is an augmented 
simplicial set, say, consisting of subsets of {1, ... , d} and = {{1}, . . • , {d}} where d 
is the number of elements in £W. For each i = 1, . . . , d, let Vi denote a nonzero vector in 
the one- dimensional cone C({z}). Choose a generic vector v E V. Let I E E^. Since v^s 
(i E I) are linearly independent, v has a unique expression Y^iei aiVi w ith real numbers 
aj's. The coefficients a^s are all nonzero because v is generic. We set 

//(/) := tJ{z E I | at > 0}. 

This depends on v although v is not recorded in the notation //(/). 

Definition. For an integer q with < q < n, we define 

h q {A) := W ( I ) and e «( A ) := de g( A ^)- 

Note that h n (A) = deg(A) = eo(A), and e 3 (A)'s are independent of v. If A is a complete 
simplicial multi-fan such that deg(A) = 1 and w(I) = 1 for all / E X*™) (e.g. this is the 
case if A is a complete simplicial ordinary fan), then deg(A^) equals 1 for all K E E and 
hence e q (A) agrees with the number of cones of dimension q in the multi-fan. 

The following lemma reminds us of the relation between the h- vectors and the /-vectors 
for simplicial sets studied in combinatorics (see 



Lemma 3.1. ^^h q (A)(s + 1) Q = e n _ m (A)s m where s is an indeterminate. 

q=0 m=0 

Proof. The lemma is equivalent to the following equality: 

(3.1) S>*( A )(^) = e n- m (A). 

q=m ^ ' 

It follows from the definition of h q (A) that 

(3.2) l.h.s. of (3.1) = E 

q=m ^ ' n(I)=q 

On the other hand, we shall rewrite e n _ m (A). It follows from the definition of deg(A^) 
that 

deg(A A -) = w k(J) 

J&Y, { £~ m) s.t. v K eC K (J) 

where vk denotes the projection image of v on the quotient vector space of V by the 
subspace Vk spanned by the cone C(K). Note that vk lies in Ck(J) if and only if v lies 
in C(J U K) modulo Vk, and that Wk(J) = w(J U K) by definition. Therefore, writing 
J U K as /, the equality above turns into 

deg(A*)= J>(/), 
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where I runs over elements in £( n ) such that K C I and v E C(I) modulo Vk- Putting 
this in the defining equation of e n _ m (A), we have 

(3.3) e n _ m (A) =^ «;(/), 

K,I 

where the sum is taken over elements K E and I E £ (n) such that K C I and 

v E C(I) modulo Vrt- Fix / G with //(/) = q, and observe how many times / appears 
in the above sum. It is equal to the number of K E £( n_m ) such that K C I and v E C(I) 
modulo Vk- But the number of such K is ( q ). To see this, we note that /x(J) = q means 
that G / | aj > 0} = q by definition, where t> = ^ie/ a « t '«' anc ^ that the condition that 
v E C(I) modulo Vft- is equivalent to saying that contains the complement of the set 
{i E I | cii > 0} in /. Therefore, any such K is obtained as the complement of a subset of 
{i E I | at > 0} with cardinality m, so that the number of such K is (^) . This together 
with (3.2) and (3.3) proves the equality (3.1). □ 

Corollary 3.2. (1) h q (A)'s are independent of the choice of the generic vector v. 
(2) h q (A) = h n _ g (A) for any q. 

Proof. (1) This immediately follows from Lemma f3. II because e g (A)'s are independent of 
v . 

(2) If we take —v instead of v, then /z(J) turns into n — fi(I), so that h q (A) turns 
into /i n _g(A). Since /iq(A)'s are independent of v as shown in (1) above, this proves 
h q (A) = h n - q (A). ' ' □ 

When A is associated with a unitary torus manifold M, the T^-genus of M turns out 
to be given by ^2 q=0 h q (A)(—y) q . (This will be discussed in Section [TUl later.) Motivated 
by this observation, 

Definition. For a complete simplicial multi-fan A, we define 

n 

T y [A] :=5> 9 (A)(-y)* 

and call it the T y -genus of A. Note that To [A] = ho(A) = h n (A) = deg(A). 

Lemma f3. II can be restated as 
Corollary 3.3. Let A be a complete simplicial multi-fan. Then 



T,[A] = ]Te n _ m (A)(-l-yy 



m=0 



4. MULTI-POLYTOPES 

A convex polytope P in V* = Hom(V, M.) is the convex hull of a finite set of points 
in V*. It is the intersection of a finite number of half spaces in V* separated by affine 
hyperp lanes, so there are a finite number of nonzero vectors vi,...,Vd in V and real 
numbers Ci, . . . , c<j such that 

P = {u E V* | (u,Vi) < Ci for all i}, 

where ( , ) denotes the natural pairing between V* and V. (Warning: In this paper, 
we take V{ to be "outward normal" to the corresponding face of P contrary to the usual 
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convention in algebraic geometry, cf. e.g. |29j.) The convex polytope P can be recovered 
from the data {(t>j,Q) | i = l,...,d}. But, a more general figure like Q shaded in 
Figure |U cannot be determined by the data {{yi, q) | i = 1, . . . , d}. We need to prescribe 
the vertices of Q, in other words, which pairs of lines £i's are presumed to intersect. For 
instance, if four points £\ fl £2, £2 H £3, £3 fl £4 and £ 4 fl £\ are presumed to be vertices (and 
the others such as £ 2 fl £4 are not), then we can find the figure Q in Figure EJ But, if 
different four points £\ H £4, £4 fl £ 2 , ^3 and £3 fl £1 are presumed to be vertices, then 
we obtain a figure Q' shaded in Figure EJ 




Figure 4. 



The data of whether two lines £i and £j are presumed to intersect is equivalent to the 
data of whether the corresponding vectors t>j and Vj span a cone. In the former (resp. 
latter) example above, resulting cones are four two-dimensional ones shown in Figure El 
(1) (resp. (2)). Needless to say, £j is 'perpendicular' to the half line spanned by V{. 




v 3 v 3 



(1) (2) 
Figure 5. 

A polytope gives rise to a multi-fan in this way. One notes that a convex polytope 
gives rise to a complete fan. Taking this observation into account, we reverse a gear. 
We start with a complete multi-fan A = (X, C, w^). Let HP(V*) be the set of all affine 
hyperplanes in V*. 



THEORY OF MULTI-FANS 



13 



Definition. Let A = (S, C,w ± ) be a complete multi-fan and let T: -> HP(V*) be 
a map such that the affine hyperplane T{T) is 'perpendicular' to the half line C(I) for 
each / e E^, i.e., an element in C(J) takes a constant on •?-*(/). We call a pair (A,^ 7 ) 
a multi-polytope and denote it by P. The dimension of a multi-polytope "P is defined to 
be the dimension of the multi-fan A. We say that a multi-polytope V is simple if A is 
simplicial. 

Remark. The completeness assumption for A is not needed for the definition of multi- 
polytopes. We incorporated it because most of our results depend on that assumption. 
Similar notions were introduced by Karshon-Tolman [22J and Khovanskii-Pukhlikov [2*H] 
when A is an ordinary fan. They use the terminology twisted polytope and virtual polytope 
respectively. The notion of multi-polytopes is a direct generalization of that of twisted 
polytopes. The relation between virtual polytopes and multi-polytopes is clarified by 

m 

Example 4.1. A convex polytope determines a complete fan together with an arrange- 
ment of affine hyperplanes containing the facets of the polytope (as explained above), so 
it uniquely determines a multi-polytope. 

Example 4.2. Associated with the multi-fan in Example 12. 2| one obtains the arrange- 
ment of lines drawn in Figure El with a suitable choice of the map T . The pentagon 
shown up in Figure |H1 produces the same arrangement of lines and can be viewed as a 
multi-polytope as explained in Example 14.11 above, but these two multi-polytopes are 
different because the underlying multi-fans are different; one is a multi-fan of degree two 
while the other is an ordinary fan. The reader will find a star-shaped figure in the former 
multi-polytope. 




Figure 6 



^({5}) 
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5. Duistermaat-Heckman functions 

A multi-polytope V = (A, J 7 ) defines an arrangement of affine hyperplanes in V*. In 
this section, we associate with V a function on V* minus the affine hyperplanes when V is 
simple. This function is locally constant and Guillemin-Lerman- Sternberg formula ( |14j 
[To] ) tells us that it agrees with the density function of a Duistermaat-Heckman measure 
when V arises from a moment map. 

Hereafter our multi-polytope V is assumed to be simple, so that the multi-fan A = 
(S, C, w^) is complete and simplicial unless otherwise stated. As before, we may assume 
that E consists of subsets of {1, . . . , d} and E^ = {{1}, . . . , {d}}, and denote by t>j 
a nonzero vector in the one-dimensional cone C({i}). To simplify notation, we denote 
by Fi and set 

F j: =n ie/ F 4 for/GE. 
Fj is an affine space of dimension n — \I\. In particular, if |/| = n (i.e., / G YS n >), then 
Fx is a point, denoted by uj. 

Suppose / G TS n > . Then the set {vi \ i G 1} forms a basis of V. Denote its dual basis 
of V* by {u{ | i G /}, i.e., {u(,Vj) = 5^ where 5^ denotes the Kronecker delta. Take a 
generic vector v G V. Then (uj,v) ^ for all / G and i G /. Set 



4) / := (_l)«{*e/|<«f,«»o} and ( u r 




if (uf,i;)>0 
if <0. 



We denote by C*(I) + the cone in V* spanned by (uf) + 's (i G /) with apex at Ui, and by 
4>i its characteristic function. 

Definition. We define a function DHp on V*\ Uf =1 Fj by 

DH P := ^ (-1)^(7)^ 

and call it the Duistermaat-Heckman function associated with V. 

Remark. Apparently, the function DHp is defined on the whole space V* and depends 
on the choice of the generic vector v G V, but we will see in Lemma (5.41 below that it is 
independent of v on V*\ U Fi. This is the reason why we restricted the domain of the 
function to V*\ U Fj. 

For the moment, we shall see the independence of v when dimP = 1. 

Example 5.1. Suppose dimV = 1. We identify V with R, so that V* is also identified 
with K. Let E be the subset of {1, ... , d} such that i G E if and only if C({i}) is the half 
line consisting of nonnegative real numbers. Then the completeness of A means that 

(5.1) $>({.}) = $>(W)=deg(A). 

Take a nonzero vector v. Since V* is identified with R, each affine hyperplane Fj is 
nothing but a real number. Suppose that v is toward the positive direction. Then 

if i G E 
if i £ E 

and the support of the characteristic function (f)^ is the half line given by 

{u G R | F < u}. 



(5.2) (-1)« 
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Therefore 

(5.3) DHp(u) = J2 (-«'({»'}))+ E w ^ 

ieE s.t. F x <u i£E s.t. Fi<u 

for u G R\ U Fi. If u is sufficiently small, then the sum above is empty; so it is zero. If u 
is sufficiently large, then the sum is also zero by (5.1). Hence the support of the function 
DHp is bounded. 

Now, suppose that v is toward the negative direction. Then (— 1)W above is multiplied 
by —1 and the inequality < above turns into >. Therefore 

(5.4) DE v (u) = Yl E (-«*({«■}))■ 

i£E s.t. u<Ft i£E s.t. u<Fi 

It follows that 

r.h.s. of (5.3) - r.h.s. of (5.4) = - ^ ™({0) + E 

ieE i£E 

which is zero by (5.1). This shows that the function DHp is independent of v when 
dimV = 1. 

Example 5.2. For the star-shaped multi-polytope in Example 14.21 DH-p takes 2 on the 
pentagon, 1 on the five triangles adjacent to the pentagon and on other (unbounded) 
regions. The check is left to the reader. 

Assume n = dim A > 1. For each {i} G E^, the projected multi-fan Am = 
(£{i}, C{i}, w \i})i which we abbreviate as Aj = Cj, w i ), is defined on the quotient 
vector space V/Vi of V by the one-dimensional subspace Vi spanned by V{. Since A is 
complete and simplicial, so is Aj. We identify the dual space (V/Vi)* with 

(V*)i := {ue V* | (u,Vi) = 0} 

in a natural way. We choose an element /, G Fi arbitrarily and translate Fi onto (V*)j by 
—fi. If {i,j} G E^, then Fj intersects Fi and their intersection will be translated into 
(V*)i by —fi. This observation leads us to consider the map 

Ti- £* ^ HP((^*)0 

sending {j} G £ J - 1 ' ) to FidFj translated by —fi. The pair 7^ = (Aj, Fi) is a multi-polytope 
in (V/Vi)* = {V*)i. 

Let I G such that i G I. Since (Uj,Vi) = 5ij, uj for j 7^ 2 is an element of (V*)i, 
which we also regard as an element of (V/Vi)* through the isomorphism (V/Vi)* — (V*)i- 
We denote the projection image of the generic element v G V on V/Vi by v. Then we 
have (v,Uj) = (v,Uj) for j 7^ i, where uj at the left-hand side is viewed as an element 
of (V/Vi)* while the one at the right-hand side is viewed as an element of (V*)i. Since 
(v, Uj) = (v, Uj) 7^ for j 7^ i, we use v to define DHp.. 

Lemma 5.3. (Wall crossing formula.) Let F be one of Fi's. Let u a and up be elements 
in V*\ Uf =1 Fi such that the segment from u a to up intersects the wall F transversely at 
H, and does not intersect any other Fj 7^ F. Then 

DHp(w Q ) - DHp(w^) = ^ sign(w^ - u a ,Vi) DHp 8 (/i - fi). 
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Proof. For simplicity we assume that there is only one i such that Fi = F. We may 
assume that (up — u a ,Vi) is positive without loss of generality. The situation is as in 
Figure 




Figure 7. 

It follows from the definition of DHp that the difference between DHp(w Q ) and DHp(«^) 
arises from the cones C*(/) + 's for / £ T,^ such that iGl and (uj,v) < (fi,v). In fact, 
one sees that 

DE v (u a ) + J2^(u I l ,v)(-l) I w(I)M^) = DHp(^) 

where / runs over the elements as above. Since sign(wf, v )(— l) 7 = — (— 1)AW an d w(I) = 
Wi(I\{i}), the equality above turns into 

i 

Here </>/(//) may be viewed as the value at \x of the characteristic function of the cones in 
Fi with apex ui spanned by (wj) + 's (j £ I,j ^ i). This shows that the right-hand side 
at the equality above agrees with DHp^/i — fi), proving the lemma. □ 

Lemma 5.4. The support of the function DHp is bounded, and the function is indepen- 
dent of the choice of the generic element v G V . 

Proof. Induction on the dimension of simple multi-polytopes V. We have observed the 
lemma in Example 15.11 when dimP = 1. Suppose dimP = n > 1 and suppose that the 
lemma is true for simple multi-polytopes of dimension n — 1. Then the support of DHp. is 
bounded by the induction assumption. This together with Lemma 15.31 implies that DHp 
takes the same constant on unbounded regions in V*\ UFj. On the other hand, it follows 
from the definition of DHp that DHp vanishes on a half space H r := {u £ V* \ (u, v) < r} 
for a sufficiently small real number r, because for each / £ the cone C*(I) + is 
contained in the complement of H r if r is sufficiently small. Therefore the constant which 
DHp takes on the unbounded regions in V*\ U Fi is zero, proving the former assertion in 
the lemma. 

As for the latter assertion in the lemma, it follows from the induction assumption that 
the right-hand side of the wall crossing formula in Lemma 15.31 is independent of v, and 
we have seen above that DHp vanishes on unbounded regions regardless of the choice 
of v. Thus, it follows from Lemma 15.31 that DHp is independent of v on any regions of 
V*\UFi. ' □ 
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6. Winding numbers 

We continue to assume that our multi-polytope V = (A, J 7 ) is simple and that E is an 
augmented simplicial set consisting of subsets of {1, . . . , d}. In this section, we associate 
another locally constant function on V*\ U Fi with V from a topological viewpoint, and 
show that it agrees with the Duistermaat-Heckman function defined in Section 

Choose an orientation on V and fix it. We define an orientation on / = . . . , i n } G 
as follows. If an ordered basis (v^, . . . , t>j n ) gives the chosen orientation on V, then 
we say that the oriented simplex . . . ,i n ) has a positive orientation, and otherwise a 
negative orientation. We define 

(ii, . . . , i n ) if (ii, . . . , i n ) has a positive orientation, 
•(ii,..., i n ) if (ii, . . . , i n ) has a negative orientation. 

The completeness of A (equivalently, the pre-completeness of the projected multi-fan Aj 
for any J E E^ n_1 ^) implies that 

E 

is a cycle in the chain complex of the simplicial set E. In fact, the converse also holds, 
i.e., the completeness of A is equivalent to X^e£(™) W (I){I) being a cycle. We denote by 
[A] the homology class that the cycle defines in i? n _i(E). Actually [A] lies in the reduced 
homology if n _i(E), see Example 16.31 discussed later. 

Let S be the realization of the first barycentric subdivision of E. For each i G {1, . . . , d}, 
we denote by Si the union of simplicies in S which contain the vertex {i}, and by Sj 
the intersection D^iSi for / G E. Note that dSi can be identified with the realization 
of the first barycentric subdivision of Ej, where Ej is the augmented simplicial set of the 
projected multi-fan Aj = (Ei,Ci,w i ). 

The projected multi-fan Aj is defined on V/Vi where Vi is the one-dimensional sub- 
space spanned by Vi. We orient V/Vi as follows: if an ordered basis (v^v^, . . . , u^.J 
defines the given orientation on V, then we give V/Vi the orientation determined by 
(vj 1} . . . , v ]„_-,_), and otherwise give the opposite orientaiton. Then [Aj] is defined in 
#n-2(Ej) = H n _ 2 (dSi). 

Lemma 6.1. [A] maps to [Aj] through the composition of maps 

F n _!(E) = H n ^{S) ±> H n ^(S,S\1ntSi) H^S^dSi) |> H n - 2 {dSi), 

where i is the inclusion. 

Proof. Through and the inverse of the excision isomorphism, the cycle X^/esC™) W (I)(I) 
maps to X/»e/es( n ) w (^)(^)- ^ e ex P ress (I) as e (hji, ■ ■ ■ , jn-x) where e = +1 or —1 and 
define an oriented (n — 2)-simplex (I\{i}) in E 4 - n ^ by e(ji, . . . , j n -i)- It follows that 

Here w(I) = Wi(I\{i}) by the definition of Wi, and i E I E E^ if and only of G 
E^ n Therefore, the right-hand side above reduces to J2j e ^ n ~^ w i{J){J)i that is [Aj] 
in H n -2(dS l ). □ 
The following lemma will be used later several times. 
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Lemma 6.2. Let X and Y be topological spaces with subspaces X{ C X and Y{ C Y for 
each i E E^. For I £ E ; we set Xj := H^jXi and Yj := Hig/Y. If 

(1) X = Uf =1 X i} 

(2) Xj 's for I E S^ n ^ are disjoint, and 

(3) Yj nonempty and contractible for any non-empty set I £ E, 

t/ien iaere zs a continuous map if>: X — > Y sending the stratum Xj to Yj for each I £ E, 
and swc/i a map zs unique up to homotopy preserving the stratifications. 

Proof. Existence. We will construct r/> inductively using decending induction on |J|. If 
|/| = n, then we map Xj to any point in Yj. Thus ip is defined on Um =n X/ with the 
image in Uiji =n Y}. Let k be a nonnegative integer less than n and |/| = k. Suppose that 
ip is defined on U\j\>k+\Xj with the image in Uij[>& + iYj. Then 

^: X/ n (U|j|> fc+ iXj) -> Y l n (U|j|> fc+ iYj) C Y/ 

extends to a continuous map from Xj to Yj because Yj is contractible. Thus ^ is defined 
on U|/|>fcX/ with the image in U\i\>kYi. This completes the induction step, so that we 
obtain the desired map if} defined on X. 

Uniqueness. We construct a homotopy H : X x [0, 1] — > Y of given two maps and 
ipi in the lemma. The argument is almost same as above. Since Yj is contractible, H can 
be defined on \J\j\ =n Xj x [0, 1] with Um =n Y} as the image. Let k be as above and |/| = k. 
Suppose that H is defined on (U\j\>k+iXj) x [0, 1] with the image in U\j\>k+\Yj and that 
H agrees with if> t on (U\j\>k+\Xj) x {t} for t = 0, 1. Then a map 

U ifj U Vi : n (U\ J{ > k+1 Xj)) x [0, 1] U Xj x {0} U X l x {1} 
-> (Yr n (U|j|> fe+1 Yr)) U Yj U Y t = Y T 

extends to a continuous map from Xj x [0, 1] to Yj because Yj is contractible. Thus H 
is defined on (U|/|>fcXj) x [0, 1] with the image in U|/|>fcYj. This completes the induction 
step, so that we obtain the desired homotopy H defined on X x [0, 1]. □ 

Lemma f6. 21 can be applied with X = S, Xi = Si, Y = V* and Y = Fj. It follows that 
the multi-polytope V associates a continuous map 

*: S -> utiFi C V* 

sending Si to F/ for each / £ E by Lemma 16 .2[ and ^ induces a homomorphism 

Hn-tiS) = Hn^CE) H n -x(V*\{u}) 

for each u e V*\ U Fj. Such \1/ was first introduced in [17, and plays the role of a moment 
map. The orientation on V chosen at the beginning of this section induces an orientation 
on V* in a natural way. This determines a fundamental class in H n (V* ,V*\{u}) and 
hence in H n ^(V*\{u}) through d: H n (V* ,V*\{u}) S (V*\{u}). We denote the 
fundamental class in H n _i(V*\{u}) by [V r *\{w}]. 

Definition. For each u E V*\ U F i} we define an integer WNp(u) by 

*,([A]) = WN ? (tt)[T\{tt}] 

and call it the winding number of the multi-polytope V = (A,JF) around u. 
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Remark. The function WNj> is independent of the choice of an orientation on V because 
if the orientation on V is reversed, then [A] and |V*\{w}] are multiplied by —1 simul- 
taneously. Moreover, it is locally constant and vanishes on unbounded regions separated 
by Fi's, which immediately follows from the definition of WNp. 

We will see in Theorem 16.61 below that WN-p = DFhp. For the moment, we shall check 
this coincidence when dimV = 1. 

Example 6.3. We use the notation in Example 15.11 We identify V with R, so that V* 
is also identified with R. Then V and V* have standard orientations, and since v j gives 
the orientation on V if and only ifi&E, the cycle which defines [A] is given by 

d 

^«;({ > i)<<>+x;^w)(-<o)=-E(-i) { M{» , })<o 

i€E i^E i=l 

where (— 1)^ is the same as in (5.2). Since A is complete, Y^t=i(~ = Oj so 
[A] actually lies in Hq(Y1) = Hq(S) and one can rewrite the cycle above as 

d 

X)(-i) w ttf({i})((j>-<<» 

1=1 

for any j G {1, . . . , d}. Since Si = {i} and ^/({i}) = Fi, WN-p(w) = unless u is between 
the minimum value and the maximum value of {F\, . . . , F^}. Suppose u is between them 
and take j such that Fj is the maximum. Then one easily sees that 

WN„(«) = £(-1)*V{0)- 

Fi<u 

This together with (5.3) shows that WNp = DH-p when dimV =1. □ 

We will show that WN satisfies the same wall crossing formula as in Lemma 15.31 
For that, we first state a lemma which expresses the winding number as a sum of local 
winding numbers so to speak. Assume dimP > 1. We orient Fi in such a way that 
the juxtaposition of a normal vector to Fi, whose evaluation on Vi is positive, and the 
orientation on Fi agrees with the prescribed orientation on V*. By Lemma f6. 21 \1/ maps 
a pair (Si,dSi) into a pair for any \i e i 7 i\(i 7 i H (U „(i)Fj). If we identify 

Fi with (V*)i through the translation by — fi as before, then the map ^ restricted to dSi 
agrees with the map (up to homotopy) constructed from the multi-polytope Vi = (Aj, Ti). 
It follows that 

(6.1) = WN Pj (/i - fi)[Fi\{^}). 

Let u G V*\ U Fj. We choose a generic ray i? starting from u with direction 7 G V*, 
so that the intersection Fi D i? is one point for each i if it is nonempty. We denote the 
point Fi fl R by Ri. 

Lemma 6.4. WN p (m) = ^ sign(7, ^) WN Vi (Ri ~ fi)- 

i:FinR^4> 
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Proof. Consider the following commutative diagram: 



where i runs over the indices of Fj's which intersect R. The element [A] G H n -i(S) maps 
to ffij[Aj] G ©jif n _2(<9Si) through the upper horizontal sequence by Lemma l6~Tl and down 

to ©iWN^ORi - /OtMW] b y (6- 1 )- 

Now we trace the lower horizontal sequence from the right to the left. Through the 
inverse of d, [Fj\{Pj}] maps to the fundamental class [Ft, Pj\{Pj}], and further maps 
to sign(7, Vi) [V*\{u}] G H n ^i(V*\{u}), where the sign arises from the choice of the 
orientation on Fj. These together with the commutativity of the diagram above show 
that 

**([A]) = ^(l.^WN^Ri- mv*\{u}]. 

i:Fir\Rj£<t> 

On the other hand, ^([A]) = WNp(u)[7*\{ii}] by definition. The lemma follows by 
comparing these two equalities. □ 

Lemma 6.5. The wall crossing formula as in Lemma \5.cH holds for WN instead o/DH. 

Proof. Subtract the equality in Lemma 16.41 for u = u@ from that for u = u a . Since one 
can take 7 to be up — u a , the lemma follows. □ 

Theorem 6.6. DH-p = WN-p for any simple multi-polytope V . 

Proof. The equality is established in Example Ifi . HI when dimP = 1. Suppose dimP = n > 
1 and suppose that the equality holds for simple multi-polytopes of dimension n — 1. Both 
DH-p and WNp are locally constant, satisfy the same wall crossing formula ( Lemma 15.31 
Lemma I6.5J) and DHp i = WNp t by induction assumption. Therefore, it suffices to see 
that DH-p and WNp agree on one region. But we know that they vanish on unbounded 
regions ( Lemma 15.41 and the remark after the definition of WNp), hence they agree on 
the whole domain. This completes the induction step, proving the theorem. □ 



7. Ehrhart polynomials 

Let P be a convex lattice polytope of dimension n in V", where "lattice polytope" 
means that each vertex of P lies in the lattice iV* = Hom(iV, Z) of V* = Hom(V, R). For 
a positive integer u, let vP := {uu \ u G P}. It is again a convex lattice polytope in 
V*. We denote by $(vP) (resp. Jj(yP )) the number of lattice points in vP (resp. in the 
interior of uP) . The lattice N* determines a volume element on V* by requiring that the 
volume of the unit cube determined by a basis of N* is 1. Thus the volume of P, denoted 
by vol(P), is defined. The following theorem is well known. 

Theorem 7.1. (See jTI], [21] for example.) Let P be an n-dimensional convex lattice 
polytope. 

(1) §(vP) and (J(i/P°) are polynomials in v of degree n. 
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(2) $(yP°) = (— l) n (l(— vP), where uP) denotes the polynomial (J(iaP) with v re- 
placed by —v. 

(3) The coefficient of v n in %{yP~) is vol(P) and the constant term in §(uP) is 1. 

The fan A associated with P may not be simplicial, but if we subdivide A, then we 
can always take a simplicial fan that is compatible with P. In this section, we show 
that the theorem above holds for a simple lattice multi-polytope V = (A,JF). For that, 
we need to define Jj(P) and H(P°). This is done as follows. Let Vi (i = 1, . . . , d) be a 
primitive integral vector in the half line C({i}). In our convention, Vi is chosen "outward 
normal" to the face when V arises from a convex polytope. We slightly move 

in the direction of Vi (resp. —v,j) for each i, so that we obtain a map T + (resp. 
: -> HP(V*). We denote the multi-polytopes (A, JF + ) and (A,^_) by P+ and 
P_ respectively. Since the affine hyperplanes J r ±({i}) , s miss the lattice N*, the functions 
DHp ± and WNp ± are defined on N*. 

Definition. We define 

UV) := Yl DH ?>» = WN ?V 

uGN* u£N* 



u 



%(V°) := Y DHp_(u) = Y WN P _(w). 



ugiV* u£N* 

When V arises from a convex polytope P, DHp + = WNp + (resp. DHp_ = WNp ) 
takes 1 on u in P (resp. in the interior of P) and otherwise. Therefore, §(V) (resp. 
§(V°)) agrees with the number of lattice points in P (resp. in the interior of P) in this 
case. 

Denote the volume element on V* by dV*, and define the volume vol('P) of V by 



vol(P) := I DH P dV* = [ WN P dV*. 
Jv* Jv* 



When V arises from a (convex) polytope P, vol('P) agrees with the actual volume of P, 
but otherwise it can be zero or negative. 

For a (not necessarily positive) integer u, we denote (A, vT) by uV, where 

(f.F)({i}) := {u G V* I (u,Vi) = ua} 
when = {u G V* \ (u,Vi) = q} for a constant q. 

Theorem 7.2. Let V = (A, J 7 ) be a simple lattice multi-polytope of dimension n. 

(1) H(z/P) and jj(z/P°) are polynomials in v of degree (at most) n. 

(2) $(vV°) = (— l) n jj(— vV) for any integer v. 

(3) The coefficient of v n in H(z/P) is vol('P) and the constant term in §{vV) is deg(A). 
{See Section® for deg(A).) 

In order to prove this theorem, we need some notations and a lemma. Basic ideas in 
the following arguments are in |[| and Let / G £( n ). Although the integral vectors 
{vi | i G /} are not necessarily a basis of the lattice N, they are linearly independent. 
Therefore, the sublattice Nj of iV generated by i^'s (i G I) is of the same rank as N, 
hence N/Nj is a finite group. Needless to say, N/Nj is trivial for any / G if A is 
non-singular. For u G Nf = Hom(iV7, Z) D iV* and g G N/Ni, we define 

(7.1) Xi(u,g) : = exp(27r v /Z l(M, f 9 )) 
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where v g G N is a representative of g. The right-hand side does not depend on the choice 
of the representative v g , and ) (resp. x{ jS 1 )) * s a homomorphism from N/Nj (resp. 

Nf) to C*. Note that xi{u, ) ■ N/Nj -> C* is trivial if and only Hue N*. It follows that 



(7.2) 



V" X (u g) [\ N / Nj \ if u G N 



g&N/Nj 



|0 otherwise. 



Lemma 7.3. For eac/i J G feiuj 6e i/ie corresponding vertex ofV and let {u\ \ i E 1} 
be the dual basis of {vi \ % G J} as m Section [3 Then, for v G iV swca £aat (itf , t> ) zs a 
nonzero integer for any I G and i <E I, we have 

as functions o/zgC. 

Proof. The Maclaurin expansion of 1/(1 — az~ m ) (a G C*, m 6 Z) is given by 

-a~ x z m - a~ 2 2 2m - . . . if m > 

1 + az"" 1 + a 2 z~ 2m + . . . if m < 0. 

Taking this into account, we expand the sum 

* " s Ua^xM,g)z-^) 

into Maclaurin series and get 

where the summation runs over the collection of such {5j | i G /, Oj G Z} that 

{&*} 

(7.3) 6j > 1 for i with (u{, v ) > and fej < for i with u) < 0, 

(see Section for (— l) 1 ). Since 

/ — ' t— ' otherwise, 

by (7.2), the Maclaurin expansion of the left-hand side of the equality in Lemma f7.3l has 
the form 

E ( E (-i)MWi(«) ) z {u,v) 

where 

ft (u) - 1 1 if « = «/ + Sie/ > are as in ( 7 - 3 ) and Sie/ G 
1 1 otherwise. 
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One easily checks that ^ /GS (n) (— agrees with DH-p + (u), proving the lemma. 



Proof of Theorem \7.^\ We shall prove (2) first. It suffices to prove (K'P 3 ) = (— l) n Jj(— P). 
Since (K^ ) = J2 u gn* WNp_(«) by definition, it suffices to prove that 

(7.4) WN v _(u) = (-l) n WN(_ P)+ (?i) for any u G N*. 

Let and \I/(_-p) + be the maps introduced in Section El which are associated with 
multi-polytopes V- and (— V)+ respectively. We note that and — \E r (_p) + considered 
as maps from S to V*\{it} for w G iV* are homotopic. Since the multiplication by —1 on 
V™ sends the fundamental class it}] to {-l) n [V*\{u}], we obtain (7.4). 

We shall prove (1). Because of (2), it suffices to prove (1) for %{yV\ We apply 
Lemma 17.31 to vV in place of V (so that uj is replaced by vuj\ and approach 2 to 1 
in the equality. Since the right-hand side approaches (K^P), it suffices to show that the 
left-hand side approaches a polynomial in v of degree at most n. When g G N/Ni is 
the identity element, Xi( u i^9) — 1- Therefore, the term in the summand ^2 g&N / Nl in the 
left-hand side has a pole at z = 1 of degree exactly n when g is the identity element, 
and of degree at most n otherwise. Thus the left-hand side of the equality in Lemma \7. 31 
applied to vV can be written as 

(l-z)-f(z) 

where hi(z) and f(z) are polynomials in z and /(l) 7^ 0. Then the repeated use of 
L'Hospital's Theorem implies that when z approaches 1, the limit of the above rational 
function is a polynomial in v of degree at most n. 
Finally we prove (3). Since 

u£H 2 (BT) ueH 2 (BT)/u 

it follows from the definition of definite integral that 

lim \i{vV) = lim \ V BE v+ (u) = [ DR V dV* = vol(P), 

u£H 2 (BT)/v JV 

proving that the coefficient of v n in H(z/P) is vol(P). 

We apply Lemma \l . 31 to OP, that is vV with v = 0. Then the it/ in the lemma is zero, 
and DH( p) + (u) = WN( -p) + (it) = unless u = because the origin is the only vertex of 
OP so that the vertices of (0P) + are very close to the origin. Thus the right-hand side 
of the equality in the lemma applied to OP is a constant, say c, which is nothing but the 
constant term in H(^P). Now we approach z to 00. Then the equality reduces to 

£ w ^ = c 

vec(i) 

because (itf , v) > for alH G I if and only if v = a i v i with a i > for all i G /, and 
the latter is equivalent to saying that v belongs to the cone C(I) spanned by iVs (i G /). 
Since ^ eC m w(I) = deg(A) by definition, the constant term in |j(z/P), that is c, agrees 
with deg(A). □ 
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Let be the lattice of N£ generated by all uj's for I £ £ (n) and i E I. If A is 
non-singular, then = N*. The group ring C[-/V^] is an integral domain, and it has 
a basis t u (u £ N^) as a complex vector space with multiplication determined by the 
addition in N^: 

^u! jM+u' 

The quotient field of C[iV£] will be denoted by C(JV^). It contains C[iV£]. Each v E N 
such that (uj,v) is an integer for any I £ S*™) and % El determines a map from CfiY^] 
to a Laurent polynomial ring C[z,z" - 1 ] sending t u to z {u ' v) . This map extends to a map 
from C(iV^) to C(z), the field of rational functions in z. Since Lemma \7.3\ holds for any 
such v that (uj,v) ^ 0, we obtain 

Corollary 7.4. Let the notation be the same as in Lemma \7. 3\ Then 



y y 1 = y D n v+ (u)t u e c[n*\ 

as elements in C(iV^). In particular, if the multi-fan A is non-singular, then = N* 
and 

JeS (n) i-Uen 1 L ) ueN* 

For a later use, we shall rewrite Xi{ u \i9)- Consider a homomorphism rj: M. d —>■ Nj& 
mapping a = (a%, . . . , aj) E M. d to Ylt=i a i v i e -^k- For / £ S^ n \ we define 

G'j : = {a £ R d | 77(a) £ iV and Oj- = for j <£ 1} 

and define Gi to be the projection image of G\ on M d /Z d . Since V{'s (i E I) are linearly 
independent and belong to N, Gj is a finite subgroup of R d /Z d and 77 restricted to G7 
induces an isomorphism 

V i : Gj^N/Nl 

Note that 77/ ([a]) = EieJ * *] where [ ] denotes the equivalence class. 
On the other hand, for i — 1, . . . , d, let 

p, : M 4 */^ -> C* 
be a homomorphism defined by Pi([a]) = exp(27T\/— lai). 

Lemma 7.5. For [a] £ Gj C M. d /Z d and i El, we have Pi([a]) = xA u \i ^i"([ a ]))- 

Proof. Since ///([a]) = [J2iei aiVi \ anc ^ { u i'J2i£i a i v i) = a «5 ft follows from the definition 
(7.1) of xi that x/( M f ; ? 7/([ a ])) = exp(2-7T\/^Taj), which is equal to Pi([a]) by definition. 

□ 

Since Gj is isomorphic to N/Nj, Corollary 17.41 can be restated as follows. 
Corollary 7.6. Let the notation be as above. Then 

£ igrf £ n fi 7uF* = £ DHp+(u)t " e C[N " ] 

as elements in C(N^). 



THEORY OF MULTI-FANS 



25 



8. COHOMOLOGICAL FORMULA FOR §(V) 

Motivated by the geometrical observation which will be explained in subsequent sec- 
tions El and ^3 we define the "(equivariant) cohomology" of a complete simplicial multi- 
fan and the "(equivariant) first Chern class" of a multi-polytope. We then define an 
index map "in cohomology" and establish a "cohomological formula" describing (j("P) for 
a lattice multi-polytope. This cohomological formula is a counterpart in combinatorics to 
the Hirzebruch-Riemann-Roch formula applied to a complex T-line bundle over a torus 
manifold. As an application of the cohomological formula, we show that the Khovanskii- 
Pukhlikov formula for a simple lattice convex polytope ([21], [2H], P, [Zj, [IH|, |Hj) 
can be generalized to a simple lattice multi-polytope. 

Let T be a compact torus of dimension n = rank^ N and let BT be the classifying space 
of T. Then H2(BT) is canonically isomorphic to Hom(S ,1 ,T), the group consisting of 
homomorphisms from S 1 to T. In fact, a homomorphism / : S 1 — > T induces a continuous 
map Bf: BS 1 — > BT and once we fix a generator a of H 2 (BS 1 ) = Z, (Bf)*a defines an 
element of H 2 (BT). The correspondence : / — > (Bf)*a is known to be an isomorphism 
from Hom(S' 1 ,T) to H 2 (BT). In the following we assume N = H 2 {BT) and identify it 
with Hom(S' 1 , T). Then N* = H 2 (BT) is identified with Hom(T, S 1 ) and the group ring 
C[iV*] can be identified with the representation ring R(T) of T. 

Let A = (E, C, w^) be a complete simplicial multi-fan in N. Let i>, G H 2 (BT) be 
a unique primitive vector in C({i}) for each z = 1, . . . ,d as before. Motivated by the 
description of the equivariant cohomology of a compact non-singular toric variety (see 
Proposition l9.2l in the next section), we define H^(A) to be the face ring of the augmented 
simplicial set E, i.e., 

H*(A):=Z[x 1 ,...,x d ]/(x I \I 

where xi = Yl i€l %i and the degree of x% is two, and call H^(A) the equivariant cohomology 
of A. We also define a homomorphism it* : H 2 (BT) — > iff.(A) by 

d 

(8.1) ir*(u) = ^2(u,Vi)xi, 

i=l 

where ( , ) denotes the natural pairing between cohomology and homology. It extends 
to an algebra homomorphism H*(BT) — > H^(A), which we also denote by it*. One can 
think of Ht(A) as a module (or more generally an algebra) over H*(BT) through 7r*. 

In the following we will mainly work with Q coefficients but the argument will work 
with Z coefficients when the multi-fan A is non-singular. Any homomorphism / : A — > B 
between additive groups induces a homomorphism : A£g>Q — > -B®Q (or — > B ® M) , 
which we also denote by /. 

Lemma 8.1. Any element in H^(A) ®Q can be written in the form Xljes 7r *( a j) a; j with 
aj G H*(BT;Q) (not necessarily uniquely), in other words, H^(A) ® Q is generated by 
xj 's (J G E) as an H*(BT; <Q)-module. 

Proof. Let I denote a finite set which consists of elements in {1, . . . , d} taken with mul- 
tiplicity, i.e., elements in {1, . . . , d} may appear in X repeatedly. Set x% := niex Xi anc ^ 
denote by X the subset of {1, . . . , d} consisting of elements appearing in X. It follows from 
the definition that H^(A) is additively generated by XjS such that X G E, so it suffices 
to prove the lemma for such x%. We shall prove it by induction on [X] := |X| — |X|. 

If [X] = 0, then X = X G S; so ij is obviously of the form in the lemma in this 
case. Suppose [X] > 1. Then there is an i G X which appears in X at least twice. Set 
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J := Then J = lG S and [J] = [J] - 1. Multiplying the both sides at (8.1) by 

xj,we obtain 

it*(u)xj = (u, Vi)x T + ^2(u, v k )x JU{k} 

for any u G H 2 (BT; Q). We choose u such that (u,Vi) = 1 and (u,Vj) = for all j G J 
different from i. (Such u exists because {vj \ j G J} is a subset of a basis of Nq.) Then 
the equality above reduces to 

Xj = TC*(u)xj - ^ (u,V k )x Ju{k} . 
k^i,k£J 

Here [J U {k}] = [J~](= [I] — 1) for k G' J , so the right-hand side above are of the form 
in the lemma by the induction assumption, showing that so is xj. This completes the 
induction step and proves the lemma. □ 

For / G £( n ), let {u{ \ i G /} be the dual basis of {i>j | i G /} as before. We define a 
ring homomorphism i\ : H£(A) ® Q -> H*(BT; Q) by 

I otherwise. 

This map is well-defined because xj for J ^ E, which is zero in H^(A) <E>Q, maps to zero 
through tj. 

Lemma 8.2. T/ie composition l}ott* is the identity map. In particular i*j is an H*(BT; Q)- 
module map. 

Proof. Both 7r* and l*j are ring homomorphisms and H*(BT) is a polynomial ring gen- 
erated by elements in H 2 (BT), so it suffices to check the lemma on H 2 (BT). Let 
u G H 2 (BT). It follows from the definitions of n* and i*j that 

(i/°o( u ) = fc j(5^( u > u <) a; <) = 5^( u > u i) u i> 
i=i i=i 

which agrees with -u because {wf | « G /} is the dual basis of {t>j | i G /}. Since w is 
arbitrary, this proves that l} o tc* is the identity on H 2 (BT). □ 

A multi-polytope V = (A,JF) is associated with real numbers q's by 

^({^}) = {u6 H 2 (BT; R) | (u, Vi > = q}, 

and these numbers determine an element cJ(V) :— Ylt=i °i x i °f H^(A) R, which we 
call the equivariant first Chern class of P. This gives a bijective correspondence between 
the set of multi-polytopes defined on A and H^(A) <g> R. Note that i*i{c{(V)) agrees 
with the vertex ui = r\i & iJ-({i}), see Section 5. When A is non-singular, V is a lattice 
multi-polytope if and only if the q's are all integers, but otherwise the "if" part does not 
hold, in other words, an element of if|,(A) is not necessarily realized as the equivariant 
first Chern class of a lattice multi-polytope. However, there is a nonzero integer m such 
that mx for any x G iff.(A) is realized as the equivariant first Chern class of a lattice 
multi-polytope because \N / N ^^{xY s lie in H 2 (BT). 

We set H**(BT; Q) = n^lo H q (BT; Q). It is a formal power series ring. 
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Lemma 8.3. For any J e S ; t/ie element 



j2 vWiaijeAe™ 1 ~ 1)) ^ 



/6S W ^n ie /(l-Pi(^)e "0 

m £/ie quotient field ofH**(BT;Q) actually belongs to H**(BT; Q). 

Proof. Since n,jej( ema!i —1) is a linear combination of rifceft: emrfe = e™^*^ Zfc for if eS, 
it suffices to show that 

. w(I s ]L%(e m ^k&K x k\ . _ i 

( 8 - 2 ) E 1 E TT M M =^ G Q) ' 

1^1 ^Il ie /(1-Pi(p)e "0 

As remarked above, m Y2keK x k ls realized as the equivariant first Chern class of a lattice 
multi-polytope, so it follows from Corollary 17.61 that 

The Chern character C[iV*] = -> H**(BT; Q) mapping t n to e u extends to a map 

from C[iV^] and it further extends to a map between the quotient fields. Sending the 
element above by this extended Chern character, we obtain (8.2). □ 

Let S be the multiplicative set consisting of nonzero homogeneous elements of positive 
degree in H*(BT\ Q). Since H*(BT; Q) is a polynomial ring, it can be thought of as a 
subring of the localized ring S~ 1 H*(BT; Q). We define the index map 

TP : H^(A) <g> Q -> S~ l H*(BT; Q) 

"in cohomology" by 

■U7(7)^(x) 



(cf. (3.8)]). This map decreases degrees by 2n, and is an H*(BT; Q)-module map by 
Lemma 18.21 

Lemma 8.4. The image of ix\ lies in H*(BT;Q). 

Proof. Since 7Ti is an H*(BT\ Q)-module map, it suffices to check the lemma for elements 
x/s (J G £) by Lemma I8~T1 We distinguish two cases. 

Case 1. The case where \J\ — n, i.e., J E S^ n \ In this case 



Therefore 



otherwise. 



* — , w LvrUj (j; 

/ G £(n) 1 J 1 1 * 
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Case 2. The case where \ J\ < n. In this case we will show that tt\(xj) = 0. Since 
Pi(g) = 1 for any % G I if and only if g is the identity, and 

J^J(1 _ e - " 1 ) = (JJit*)(l + higher degree term) 
iei iei 

Y\_(e mXj — 1) = m' J 'xj(l + higher degree term), 

jeJ 

the term of lowest degree in Lemma 18 .31 (up to a nonzero constant multiple) is 

w(I)l*j(xj) 



E 



7 > 



that is, 7Ti (xj), and Lemma f8. 31 tells us that it is an element of H*(BT; Q). This means 
that 7T\(xj) = because the degree of tt\(xj) is equal to 2| J\ — 2n < 0. □ 

Now, motivated by the description of the cohomology ring of a compact non-singular 
toric variety (see p. 106 in [H]), we define if* (A) to be the quotient ring of if£(A) by the 
ideal generated by n*(H 2 (BT)), in other words, 

ff*(A) :=Z[ Xl ,...,x d ]/% 

where 21 is the ideal generated by all 

(1) Xl for I E, 

( 2 ) Y.i=l( U > V i) X i for u E N. 

Since tti is an H*(BT; Q)-module map and H*(BT; Q)/(H 2 (BT; Q)) is isomorphic to 
H°(BT; Q) = Q, m induces a homomorphism 



/ : if*(A)®' 



where only elements of degree 2n in if* (A) <g> Q survive through the map 

Remember that Gi is a finite subgroup of IR d /Z d . We denote by Ga the union of Gi 
over all i G T^ n \ Since is defined on Pi(^) makes sense for g G Ga- It follows 

from the definition of Gi and /?; that if g G Gj, then = 1 for i ^ I. 

We define the equivariant Todd class T T (A) of the complete simplicial multi-fan A by 

tt ^) ■■= e n i _ j; )e - a< ^ h^*(a) ® Q , 



and the Todd c/ass T(A) of A by 



d 

X ; 



T(A) = y rr e #**( A ) 



where X; denotes the image of Xi G iff. (A) in if* (A) (cf. [H]). We also define the 
/irsi Chern class ci(V) of a multi-polytope P defined on A to be the image of c[(V) G 
if|(A) ®M in ff 2 (A) ®R. 

Theorem 8.5. If V is a simple lattice multi-polytope, then / e Cl ^T(A) = §(V). 
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Proof. We shall compute n\(e c ^^T T (A)). For that, we need to see i*j(T T (A)). Let 
g G Ga- If g Gi, then there is an i ^ I such that Pi(g) 7^ 1; so 

X 



/ V1 - Pi{g)e~ Xi 

for such i because the Maclaurin expansion of — Pi{g)e~ Xi ) has no constant term 
and i*i{xi) = 0. Therefore, only elements g in Gi contribute to l}(T t (A)). Now suppose 
g G Gi. Then Pi(g) = 1 for i £ I, so 



J VI - pi{g)e Xi 

for such i because the Maclaurin expansion of 2^/(1 — Pi(g)e~ Xi ) has the constant term 1 
and = 0. Finally, since L}(xi) — u\ for % G I, we thus have 



t K^(A)) = ^n r 



g€Gj i€l 

This together with the definition of ir\ and Corollary 17.61 shows that 

9 eG A i=i ^ nyy 
w (/) e ^( C f(P)) 

~~ iTtTi 2^ 



This implies that 



: ^ DH P »e«. 

M ei/ 2 (ST) 



3 «*<">T(A) = £ DH P » = tf(P). 
ue-f/ 2 (ST) 



□ 



Remark. The argument developed above in this section is purely combinatorial, but it is 
possible to take a topological approach. Namely, associated with a complete simplicial 
multi-fan A, one can construct a torus space Ma with H^,(Ma',Q) = H^(A) <S> Q (see 
[S]). It is not necessarily a manifold but has a fundamental class so that the equivariant 
Gysin homomorphism m : H^(M A ; Q) = #£(A) ® Q -> H*~ 2n (pt; Q) = H*- 2n (BT; Q), 
that is, the index map, can be defined. 

As an application of the theorem above, we shall show that Khovanskii-Pukhlikov 
formula, which relates a certain variation of the volume of a simple convex lattice polytope 
to the number of lattice points in it, can be generalized to simple multi-polytopes. We 
begin with 

Lemma 8.6. vol(P) — — [ Ci(V) n = [ e Cl ^ for a simple multi-polytope V . 

n\ J A J a 

Proof. The latter equality is obvious because only elements of degree In in H*(A) ® R 
survive through the map J A . We shall prove the former equality. 
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Step 1. If V is a lattice multi-polytope, then Theorem 18 . 51 applied to vV for any integer 
v implies 

J e c ^T{A) = %{vV). 

We compare the coefficients of v n at the both sides above. Since Ci(uV) = uci(V), the 
coefficient of v n at the left-hand side is \ J A Ci(V) n , while the one at the right-hand side 
is vol(P) by Theorem 17.21 (3). Therefore the lemma is proven for a lattice multi-polytope 
V. 

Step 2. If V is rational, by which we mean that there is a nonzero integer m such 
that mV is a lattice multi-polytope, then vol(m'P) = — { J A Ci(mP)" by Step 1. Since 
vol(m'P) = m n vol(V) and Ci(mV) = mci(V), the lemma is proven for a rational multi- 
polytope V . 

Step 3. The functions vol(-) and f A Ci(-) n are defined on the vector space if|,(A) (g> K 
through the equivariant first Chern class, and they are obviously continuous. By Step 2 
they agree on all rational multi-polytopes which form a dense subset of the vector space, 
so they must agree on the entire vector space by continuity. This completes the proof of 
the lemma. □ 



Multi-polytopes defined on A form a vector space isomorphic to H^(A) <S> R through 
the equivariant first Chern class, and Lemma 18.61 implies that the volume function is a 
homogeneous polynomial function of deg ree n. In fact, if one writes c± '(7^) — $^t=i c&ij 
then vol('P) is a homogeneous polynomial in c\, . . . , q of degree n. 

For h = (hi, . . . , hd) G M. d , we denote by Vh a multi-polytope with cJ(Vh) = J2i=i( c i + 
hj)xi. Since Ci(Vh) = Si=i( c i + hi)Xi, Lemma EH applied to implies that vo\(Vh) is 
a polynomial in hi, . . . , hd (of total degree n). We define the Todd operator as follows: 

Although the Todd operator is of infinite order, its operation on vol(7\) converges because 
vo\(Vh) is a polynomial in hi, ... , hd- The following theorem extends the Khovanskii- 
Pukhlikov formula to simple lattice multi-polytopes. 

Theorem 8.7. If V is a simple lattice multi-polytope, then 



T{d/dh)vo\{V h )\ h=0 = l{V). 



Proof. An elementary computation shows that 
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Therefore, it follows from Lemma f8. 61 and Theorem 18.51 that 



T(d/dh)vol(V h )\ h=0 = T(d/dh) [ e c ^\ h=0 = 



[ T(d/dh)e Cl(Ph) 



h=0 



J A 




(ci+hi)xi 



hi=0 



L 
L 




proving the theorem. 



□ 



Remark. One can reformulate the Khovanskii-Pukhlikov formula as follows. As remarked 
above, the volume function vol is a polynomial in c\, ... ,Cd, so one can apply the Todd 
operator T(d/dc) (with the variables c = (ci,...,Cd) instead of h = (hi, . . . , ha)) to 
the volume function vol and evaluate at a simple lattice multi-polytope V. The same 
argument as in the proof of Theorem 18.71 shows that the evaluated value agrees with fl (V) . 



In this section we introduce the notion of a torus manifold and associate a complete 
non-singular multi-fan with it. A compact non-singular toric variety provides an example 
of a torus manifold, but the class of torus manifolds is much wider than that of compact 
non-singular toric varieties, (apparently, even wider than that of unitary toric manifolds 
introduced in |2Zj)- The basic theory of toric varieties says that there is a one-to-one 
correspondence between compact non-singular toric varieties and complete non-singular 
fans. This correspondence is extended in one direction, namely from torus manifolds 
to complete non-singular multi-fans. But the usual way to associate a fan with a toric 
variety (see [TTJ Section 2.3]) does not work in our extended category. However, when a 
toric variety is compact and non-singular, the corresponding (complete and non-singular) 
fan can be reproduced using equivariant cohomology and this argument works even for 
torus manifolds. The idea is essentially same as in [2*7j . 

We begin with the definition of a torus manifold. An elementary representation theory 
of a torus group tells us that if an m-dimensional torus (S 1 )" 1, acts effectively and smoothly 
on a connected smooth manifold of dimension 2n with non-empty fixed point set, then 
m < n and the dimension of the fixed point set is at most 2(n — m). We are interested in 
an extreme case m = n. Let M be a closed, connected, smooth manifold of dimension 2n 
with an effective smooth action of an n-dimensional torus group T = (S* 1 )™ such that the 
fixed point set M T is non-empty. Then M T is necessarily isolated. A closed, connected, 
codimension two submanifold of M is called characteristic if it is a connected component 
of the set fixed pointwise by a certain circle subgroup of T and contains at least one In- 
fixed point. Since M is compact, there are only finitely many characteristic submanifolds. 
We denote them by Mj (i — 1, . . . , d). They are orientable if M is orientable. 

Definition. Let M be a closed, connected, oriented, smooth manifold M of dimension 
2n with an effective smooth action of an n-dimensional torus group T with non-empty 
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fixed point set M T . M will be called a torus manifold if a prefered orientation is given 
for each characteristic submanifold Mj. 

A toric variety X (of dimension n) is a normal complex algebraic variety of complex 
dimension n with an effective algebraic action of (C*) n having a dense orbit. If X is 
compact and non-singular, then X with the restricted action of T (c (C*) n ) provides an 
example of a torus manifold of dimension 2n. In this case, characteristic submanifolds are 
(C*) "-invariant divisors. They have canonical orientations since they are complex mani- 
folds. Similarly, when a torus manifold is equipped with a T-invariant unitary structure, 
characteristic submanifolds have canonical orientations. With these orientations of char- 
acteristic submanifolds, the torus manifold will be called a unitary torus manifold (also 
called a unitary toric manifold in [27 \). 

Example 9.1. A complex projective space CP™ with an action of (C*) n given by 

; Z\ . . . . , ] —> [zO,9lZl, ■ ■ ■ ,9nZ n }, 

where [z , z 1: . . . , z n ] G CP n and (gi, . . . , g n ) G (C*) n , is a compact non-singular toric vari- 
ety. This with the restricted T-action is a torus manifold and there are n+1 characteristic 
submanifolds, that are respectively defined by z\ = for i = 0, 1, . . . , n. 

There are many torus manifolds which do not arise from compact non-singular toric 
varieties, see jS], [211, 1^1 - 

Henceforth M will denote a torus manifold of dimension 2n. Let p G M T . Since M T 
is isolated, the tangential T-representation r v M of M at p has no trivial factor, so it 
decomposes into the direct sum of n irreducible real two-dimensional T-representations. 
This implies that there are exactly n characteristic submanifolds which contain p. In 
fact, an irreducible factor in r p M corresponds to the normal direction to a characteristic 
submanifold at p. We set 

S(M) := {/ C {1, . . . , d} | (n, e7 M,) T ^ <j>}. 

We add an empty set to S(M) as a member, so that S(M) becomes an augmented 
simplicial set. The observation above implies that the cardinality of an element in S(M) 
is at most n and there is an element in S(M) with cardinality n. 

The augmented simplicial set S(M) is closely related to the ring structure of the 
equivariant cohomology H^(M) of M with integer coefficients. Let us explain this briefly. 
Since Mj and M are oriented closed T-manifolds and the codimension of Mi is two, the 
inclusion map from Mj to M induces a Gysin homomorphism H^(Mi) — > H^ +2 (M) in 
equivariant cohomology which raises dgrees by two (see [2H] for example). Denote by 
£i G H^(M) the image of the identity element in H^(Mi). We may think of as the 
Poincare dual of Mj (considered as a cycle in M) in equivariant cohomology. If the 
orientation on M or is reversed, then ^ turns into — £j. 

We take a polynomial ring Z[xi, . . . , xj) in d- variables and consider a map 

<p: Z[x x ,...,x d ]^H* T {M) 
which sends Xi to This map is often surjective. Here is a case. 

Proposition 9.2. ([27j. Proposition 3.4.) Suppose that H*(M) is generated by elements 
in H 2 (M) as a ring (this is the case when M is a compact non-singular toric variety). 
Then the map (p is surjective and the kernel is the ideal generated by monomials Yl i€l Xi 
for all subsets I C {1, . . . , d} such that I ^ E(M). In other words, H^(M) is isomorphic 
to the face ring (or Stanley- Reisner ring) ofE(M). 
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The equivariant cohomology H^(M) has a finer structure than the ring structure. The 
map 7r collapsing M to a point induces a homomorphism tt* : H^(pt) = H*(BT) — > 
Hj,(M), so that Ht(M) can be viewed as an algebra over H*(BT) through 7r*. This 
algebra structure over H*(BT) cannot be determined by S(M) and contains more infor- 
mation on the torus manifold M. To see the algebra structure, it is enough to see the 
image of H 2 (BT) by tt* because H*(BT) is a polynomial ring generated by elements in 
H 2 {BT). 

Lemma 9.3. ([27]. Lemma 1.5.) For each i £ {1, . . . , d} t/iere exists a unique element 
v i £ H 2 {BT) such that 

d 

tt*{u) = i>i)£j modulo H*{BT) -torsions 

for any u £ H 2 (BT), where ( , ) denotes the usual pairing between cohomology and 
homology. 

Proof. The proof is given in [2Zj , but we shall give a simple proof for the reader's con- 
venience when M is as in Proposition 19.21 Since H^(M) is additively generated by £j's, 
one can express 

d 
i=l 

with a unique integer Vi{u) depending on u for each i. We view Vi(u) as a function of 
u £ H 2 {BT). Since it is linear, it defines an element Vi of Hom(i/ 2 (i?T), Z) = H 2 {BT) 
such that fj('u) = (u,Vi). □ 

Note. A geometrical interpretation of the vectors V{ will be given in Section fT2l 

In order to introduce a multi-fan, we adopt H 2 (BT) as the lattice iV and identify 
H 2 (BT; M.) with the vector space = N <8> R. Then we define a map 

C(M): S(M) -> Cone(iV) 

by sending J £ S(M) to the cone in H 2 (BT;~R) spanned by fj's (i £ I) (and the empty 
set to {0}). 

Finally we shall define a pair of weight functions on maximal cones of dimension n. 
Remember that a characteristic submanifold Mi is a connected component of the set 
fixed pointwise by a certain circle subgroup, say T i; of T. It turns out that Tj agrees 
with the circle subgroup determined by V{ £ H 2 (BT) through the natural identification 
H 2 (BT) = Hom(5 1 ,T) (j27], Lemma 1.10). Therefore Afj := n ie7 M; is fixed pointwise 
by a subtorus Tj generated by Tj's for i £ /. 

Lemma 9.4. ([27], Lemma 1.7.) Suppose I £ S(M)^. T/ien t/ie set {f j | i £ J} forms 
a basis of H 2 (BT) , so that Mi is a subset of M T and the cone C(M)(I) is of dimension 
n. 

A fixed point p £ M T belongs to Mj for some I £ S^ n -*, and the tangent space t p M at 
p £ Mi naturally decomposes into 

T p M = Q){T p M/T p M t ). 

ie-f 
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The orientations on M and Mi determine an orientation on T p M/r p Mi for each i, and 
then an orientation on r p M through the above isomorphism. On the other hand, r p M 
has a given orientation since M is oriented. These two orientations on t p M may disagree. 
We define the sign e p at p to be +1 or — 1 according as the two orientations agree or 
disagree, and set 

w(M) + (I) : = the number of {p G Mj \ e p = +1}, 
w(M)~(I) : = the number of {p G Mj \ e p = —1}. 

Note that w(M) + (I) = 1 and w{M)~{I) = for all / G E (n) if M is a compact non- 
singular toric variety. 

Definition. We call the triple A(M) := (E(M), C(M), w(M) ± ) the multi-fan of M. 

A characteristic submanifold of Mi is a connected component of Mi fl Mj for some j 
containing a T-fixed point. We give it the orientation induced from those on Mj and Mj. 
With these orientations equipped, Mj, on which T/Tj acts effectively, is considered as a 
torus manifold. If Mj fl Mj is connected for any j G S(M)j (this is the case when M 
is a compact non-singular toric variety), then the multi-fan A(Mj) of Mj agrees with the 
projected multi-fan A(M)j with respect to {i} G £(M)( 1 ). They are different otherwise 
but there is a natural surjective map from E(Mj) to E(M)j. 

Similarly, a connected component of Mk for K G E(M) containing a T-fixed point is 
considered as a torus manifold, and A(M^) agrees with A(M)k if Mk and Mk fl Mj are 
connected for all j G Y>(M) K \ but otherwise they are different although there is a natural 
surjective map from E(Mx) to E(M)#, where E(M^) is an augmented simplicial set 
obtained from the union of the simplicial sets associated with the connected components 
of M K . 

The multi-fan A(M) is non-singular by Lemma 19 .41 We shall show that it is complete. 
Lemma 9.5. A(M) is complete. 

Proof. As we remarked in Section 121 after the definition of the completeness of a multi- 
fan, it suffices to prove the pre-completeness of A(M)j for any J G E(M)( n ~ 1 \ Choose 
a generic vector v from N = H 2 (BT). The sign (— 1 )« for i G S(M)5/ ) is defined as m 
Section El with respect to the projection image of v on the quotient lattice of N by the 
sub lattice generated by C(M)(J) fl N. The pre-completeness of A(M)j is equivalent to 
the equality: 

(-i) {t} w(M).m) = o, 

{i}6S(M)« 

which we will verify in the following. Since | J| = n — 1, a connected component of Mj 
containing a T-fixed point is a 2-dimensional sphere on which T J := T/Tj acts effectively. 
We denote those connected components by They are torus manifolds equipped with 
the orientations discussed before this lemma. Since has two T J -fixed points, T l (S^ l Y 1 ' ) 
consists of two elements, denoted by a±, corresponding to the T J -fixed points. One easily 
checks that the multi-fan A(S^) of is complete, which is equivalent to the equality: 

(9.1) (-l) a+ w(S 2 Q )(a + ) + (-ir-w(S 2 a )(a^) = 0. 

As discussed before this lemma, we have a natural map 7Tj: E(Mj) — > £(M)j. Note 
that if 7Tj(o; e ) = {i} where e stands for + or — , then (— l) Qe = (—1)^. On the other 
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hand, we have 



Therefore 



w(M)j(W)= J2 

7Tj(a e )={i} 

{i}es(M)™ a < 
which vanishes by (9.1), proving the lemma. □ 

We make a remark on orientations at this point. Choose an orientation on T and fix 
it. It induces an orientation on ^(-BTjR), so that [A(M)] G if n _i(£(M)) is defined. If 
the orientation on T or M is reversed, then [A(M)] turns into — [A(M)]. But we have 

Lemma 9.6. [A(M)] does not depend on the orientations on Mi 's. 

Proof. Recall that the cycle which defines [A(M)] is J2i^(M)( n ) W (M){I)(I)- We reverse 
the orientation on Mj. Obviously, w(M)(I) and (/) remain unchanged unless i & I. 
Suppose i G I. Then, since the orientation on T p M/T p Mi is reversed, w(M) + (I) and 
w(M)~(I) will be interchanged, so that w(M)(I) turns into — w(M)(I). As for (J), £j 
turns into — £j as remarked before and hence so does t>j by Lemma 19.31 Thus, (/) turns 
into — (I) if i G /. After all, w(M)(I)(I) does not depend on the orientations on Mj's for 
any / G £(M)H ' □ 

Remember that there is a canonical isomorphism Hom(T, S 1 ) = H 2 (BT). We denote 
by t u the element in Hom(T, S 1 ) corresponding to u G H 2 (BT). Elements of Hom(T, S 1 ) 
are complex one-dimensional representations of T and they generate the representation 
ring R(T) of T which is identified with the group ring of H 2 (BT). Since & is the image 
of 1 G H^(Mi) by the equivariant Gysin map from Mj to M, its restriction to a T-fixed 
point p in Mj, denoted by £j| p , gives the equivariant Euler class of the T-representation 
T p M / TpMf, so T p M/r p Mi = t^ p . On the other hand, the equality in Lemma l9~B1 restricted 
to p shows that {£j| p | i G 1} is the dual basis of {vi \ i £ 1} , so £j| p is independent of the 
choice of p G Mj and £j| p = u\ in the notation of Section [7| Therefore we have 

r p M = 0^ 

as a T-representation whenever p G M/. 

The elements £j's [i = 1, . . . ,d) generate H^(M) additively modulo if*(£>T)-torsions 
( |27| Lemma 3.2]) and the torsion elements vanish when restricted to the fixed point 
set M T because H^(M T ) is a free _£P(£>T)-module. Since the restriction £j| p (p G Mi) 
depends on only /, we shall denote an element £ G iff.(M) restricted to a point in Mj by 
f |j. Note that 



i J 



(9.2) e 

Lemma 9.7. For any £ G H^(M), 



if i G /, 
otherwise. 



w(M)(i>^ 

n ie /(i-*- uJ 



ies(M)(") 

zs an element of R(T) when M is a torus manifold 
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Proof. Since £j's generate H^(M) additively modulo H*(BT)-torsions, £ = Ylt=i c i^i 
modulo if*(I?T)-torsions with some integers q's. We define a map JF^: E(M)W — > 
EP(H 2 (BT;R)) by 

^({i}) : = | it G H 2 (BT; R) | (u,^) = q}. 

The pair (A(M),^) is a lattice multi-polytope, and n ie /^({z}) = f|/ for J G E(M)W 
which follows from (9.2). Since A(M) is non-singular by Lemma 19.41 and complete 
by Lemma 19 .5[ the lemma follows from Corollary 17.41 applied to the multi-polytope 
(A(M),^). □ 



10. T^-GENUS OF A TORUS MANIFOLD 

When M is a unitary torus manifold, the localization formula of the T^-genus T y [M\ 
of M tells us that 



10.1) T y [M}= w{M){l)^ ' 



and this is actually a polynomial in y with constant coefficients. As is well known, T [M] 
agrees with the Todd genus of M and 7i[M] agrees with the signature of M, see |20j . 
The T^-genus is a genus for unitary manifolds and it is not defined for general torus 
manifolds. But the right-hand side of (10.1) makes sense even for a torus manifold, and 
we take it as the definition of the T^-genus T y [M] of M and define the Todd genus of M 
to be T [M]. Note that the signature of M is already defined for a torus manifold M 
because M is an oriented closed manifold, and that it agrees with 71 [M] which follows 
from the Atiyah-Singer G-signature theorem. 

Theorem 10.1. Let M be a torus manifold of dimension 2n. Then 

n 

T y [M] = T y [A(M)} = e„- m (A(M))(-l - y) m . 

(See Section^ for e q (A(M)) .) In particular, the Todd genus Tq[M] of M equals deg(A). 

Proof. Look at the expansion of the right-hand side of (10.1) with respect to y. It follows 
from (9.2) and Lemma 19.71 that all coefficients of powers of y in (10.1) are elements of 
R(T). Take a generic vector v G H2(BT) and evaluate the right-hand side of (10.1) on 
v. Then we get the following polynomial in y whose coefficients are Laurent polynomials 
in z: 

(10.2) V mW (/)IW 1+ ^> 

It is easily seen that (10.2) approaches to a polynomial in y with constant coefficents if 
z tends either to or to oo. This means that (10.2) itself is a polynomial with constant 
coefficients. Since v is generic, this implies that (10.1), that is T y [M], is actually a 
polynomial with constant coefficients equal to (10.2). Then, by letting z tend to 0, we 
obtain 

T y [M]= w(M)(I)(-yrV\ 
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where //(/) = (J{z G / | {u{,v) > 0}. This //(/) agrees with the in Section El because 
{u{ | z G 1} is the dual basis of {vi \ i E I}. Hence T y [M] = T y [A(M)}, proving the 
former equality in the theorem. The latter follows from Corollary 13.31 

As noted in the definition of T y [A] in Section El T [A(M)] = deg(A(M)). Since 
T [M] = T [A(M)], the last statement in the theorem follows. □ 

Corollary 10.2. The signature Sign(M) of a torus manifold M is given by 

n 

Sign(M) = ^(-2) m e n _ m (A(M)). 

m=0 

IfT[M] = 1 and w{M)(I) = 1 for all I G E(M)W, then e q (A(M)) agrees with the 
number of cones of dimension q in A(M). 

Proof. Since Sign(M) equals Ti[M], the former statement follows from Theorem 110.11 
The latter statement is noted in the definition of e q (A) in Section El □ 

Remark. If M is a compact non-singular toric variety, then T[M] = 1 and w(M)(I) = 1 
for all / G £(M)( n \ and the formula above is already known in that case ([211 Theorem 
3.12(3)]). 



11. Equivariant index of a torus manifold 

If M is a unitary torus manifold, then the map 7r collapsing M to a point induces, in 
equivariant K-theory, the equivariant Gysin homomorphism 

7T, : K T (M) -> K T {pt) = R(T). 

If E is a complex T- vector bundle over M, then tt\ (E) equals the index of a Dirac operator 
twisted by E. It is sometimes called the equivariant Riemann-Roch number. The Todd 
genus of M is equal to 7n(l). 

Let L be a complex T-line bundle over a unitary torus manifold M. Since m (L) is an 
element of R(T), one can express 

(11.1) 7Tl(L) = m Mt U 

ueH 2 (BT) 

with integers m^(-u) which are zero for all but finitely many elements u. In this section 
we describe the multiplicity m^u) of t u in terms of the (shifted) moment map associated 
with L when M is a torus manifold. For that, we need to define vri(L) when M is a torus 
manifold. This is done as follows. When M is a unitary torus manifold, the localization 
formula applied to ir\(L) tells us that 

w(M)(I)t c i^ 



;il.2) n,(L)= J2 

i"6E(M)(") 



where c\ (L) G H^(M) denotes the equivariant first Chern class of L. (Note that t c i 
is nothing but the complex one-dimensional T-representation obtained by restricting L 
to a point in Mi.) The right-hand side of (11.2) is an element of R(T) by Lemma 19.71 
whenever M is a torus manifold although n\ may not be defined. Thus we define tt\(L) 
as the right-hand side of (11.2) when M is a torus manifold, and then define m^u) as 
before using (11.1). 
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In the following, we will make the following assumption on a torus manifold M, which 
is satisfied for compact non-singular toric varieties with restricted T-actions: all isotropy 
subgroups of M are subtori of T and each connected component fixed pointwise by a 
subtorus contains at least one T -fixed point. Then the union uf =1 Mj is the set of points 
with nontrivial isotropy subgroups, and it follows from the slice theorem that the orbit 
space M/T is a compact connected smooth manifold of dimension n with uf =l Mi/T as 
boundary (after the corners are rounded). 

We make a further remark on orientations. The orbit space M/T is orientable (see 
[2?] . Lemma 6.7) and we orient it in such a way that the orientation on T followed by 
that of M/T agrees with that of M times (— l) n ( n-1 )/ 2 . This determines a fundamental 
class in H n (M/T, d(M/T)) and hence in H n -i(d(M/T)), denoted by [d(M/T)\, through 
the boundary homomorphism from H n (M/T,d(M/T)) to H n _i(d(M/T)). 

Since H^.(M) is additively generated by £j's (i = 1, . . . ,d) modulo if *(.BT)-torsions, 
cf(L) = Ylii c £i modulo if *(.BT)-torsions with some integers Cj's. Associated with L, 
there is defined the moment map M — > H 2 (BT;~R) = L(T)*. It maps Mj into an 
affine hyperplane {u G H 2 (BT;~R) \ (u,Vi) = q} for each % (see j2Z|, Lemma 6.5). We 
slightly shift $l so that the shifted map §' L maps Mj into 

:= {u e E\BT- R) | (u, Vi ) = a + ^} 

for each %. In fact, <&' L is defined as follows. Let K be a complex T-line bundle over 
M with cJ(K) = — $^i=i£i- Such K exists ([19 ). When M is a compact non-singular 
toric variety, K is the canonical line bundle of M. Using the moment map : M — > 
H 2 (BT; M) associated with K, we define 

The moment maps $l and &k are equivariant, the T-action on the target H 2 (BT;M.) 
being trivial; so <3>' L induces a map 

$' L : M/T -> H 2 (BT;R). 

The shifted affine hyperplanes ^X({^})'s miss the lattice H 2 (BT). Since d(M/T) = 
Uj(Mj/T) and & L maps Mj/T to ^,({i}) for each z, $^ induces a homomorphism 

H n - X {d{M/T)) ^ H n ^(H 2 (BT;R)\{u}) 

for each lattice point w G H 2 (BT). We define 

^(m) := the mapping degree of (& L )* 

where the orientation on H 2 (BT; M.) is determined by that on T. Our main theorem in 
this section is the following. 

Theorem 11.1. Let M be a torus manifold. Then = d' L on H 2 (BT). 

Remark. This theorem was first established by Karshon-Tolman [22] when M is a compact 
non-singular toric variety, and then extended to Spin c manifolds with torus actions by 
Grossberg-Karshon and to a unitary torus manifold by the second named author [2Tj . 
The family of torus manifolds contains these manifolds. 

Let S(M) be the realization of the first barycentric subdivision of £(M) and let S(M)i 
be the union of simplicies in S(M) which contain the vertex {i} as in Section |H1 Since 
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S(M)i = n ie iS(M)i is contractible for any non-empty set / G E(M) and d(M/T) = 
Uf =1 (Mj/T), it follows from Lemma Ifo. 21 that there is a continuous map 

p M :d(M/T)^S(M) 

sending n ig /(Mj/T) to S{M)j for each / G S(M), and that such a map is unique up to 
homotopy preserving the stratifications, where the stratifications on d(M/T) and S(M) 
mean subspaces flj e /c)(Mj/T) and S(M)i indexed by elements J's in S(M). 

If the orientation on T or M is reversed, then [d(M/T)\ and [A(M)] will be multiplied 
by —1 simultaneously; so the following lemma makes sense. 

Lemma 11.2. p Mm {[d(M/T)]) = [A(M)]. 

Proof. We prove the lemma by induction on the dimension n = dim(M/T). When n = 1, 
M is S 2 with a nontrivial smooth ^-action. In this case, it is not difficult to check the 
lemma, which we leave to the reader. 

Assume that n > 1 . Since a characteristic submanifold of Mj is a connected component 
of Mi fl Mj for some j and such j is uniquely determined by the characteristic submanifold 
of Mi, there is a natural map 7Tj : S(Mj) — > S(M)j. This map is an isomorphism if MjflMj 
is connected for any j, but otherwise it is only surjective. As we did in Lemma lfj.l[ we 
identify the realization of £(M)j with d(S(M)i). One sees that 

(11.3) vr„([A(M,)]) = Yl »(M)(/)(/\{ l })Gff n _ 2 (9(S(M)«))=F n . 2 (S(M) i ). 

ig/eS(M)(") 

Since Mj is itself a torus manifold, the spaces d(Mi/T) and 5*(Mj) have stratifications 
like for M, and hence we have a map : d(Mi/T) — ► S*(Mj) preserving the stratifica- 
tions. By the induction assumption 

(11.4) /°M i *([9(Mj/T)]) = [A(Mj)] G H n -i(S(Mi)) = if n _ 1 (E(M i )). 

On the other hand, d(S(M)i) has a stratification induced from S(M) and each stratum 
is contractible. Since pm restricted to d(Mi/T) is a map from d(Mi/T) to d(S(M)i) 
preserving the stratifications and so is 7Tj o p M . as well, they are homotopic preserving the 
stratifications by Lemma f6 .21 Therefore, we have the following commutative diagram: 

H n -i(d(M/T)) iJ ff n _ 1 (M i /r ) 5(M i /T)) ©. H^{d{Mi/T)) 



H^SiM)) © i iJ n _ 1 ( ( 5(M)„9( ( 5(M) i )) 0j H n _ 2 {d(S(M)i)) 

where the left horizontal maps are natural ones. Tracing the upper horizontal sequence 
from the left to the right, [d{M/T)\ G H n ^{d(M/T)) maps to 0J9(Mi/T)], and 
down to Ei 6 / eE (Af)(») W ( M )( J )( J \{^}) e 0* H^{d{S{M)i)) by (11.3) and (11.4), while 
[A(M)] G H n _i(S(M)) maps through the lower horizontal sequence to the same element 
as observed in Lemma fo. II Since the horizontal sequences above are injective, the lemma 
follows. □ 

Proof of Theorem M 1 . 1\ By Lemma Id 21 we have a map S(M) — > H 2 (BT;M.) associated 
with the multi-polytope V' L := (A(M),J-' L ). We denote the map by ^>' L . The composition 
$' L op M is a map from d(M/T) to H 2 (BT; R) sending n ieI (Mi/T) to n ie/ ^({i}) for any 
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I G S(M), and so is §' L as well. Therefore, ^>' L o and $' L are homotopic preserving 
the stratifications by Lemma ffi. 21 It follows from Lemma fl 1 . 21 that 

d' L (u) = the mapping degree of : H n ^(d(M/T)) -> # n _a(# 2 (£T; M)\{«}) 

= the mapping degree of (tf' L o p M )* : H n ^(d(M/T)) -> H n ^(H 2 (BT; R)\{u}) 
= the mapping degree of : H n ^(S(M)) -> H n ^{H 2 {BT; M)\{u}) 

= WN n («) = DH n («) = DH (Pi)+ («). 

This together with Corollary 17.41 and the definition of (i.e., (11.1) and (11.2)) proves 
the theorem. □ 



12. Torus orbifolds 

The aim of this section is to give the definition of a torus orbifold and provide its 
basic properties for generalizing the results of Sections 10 and 11. We first recall basic 
definitions concerning orbifolds. We refer to [SI], [21] or ^0] for details. The reference j2Ej 
will be also useful; it deals with torus actions on symplectic orbifolds. If M is an orbifold 
of dimension n, then there is a family {(U a , V a , H a ,p a )} of orbifold charts, where {U a } is 
an open covering of M, V a is an n-dimensional manifold, H a is a finite group acting on V a 
and p a : V a — > U a is a map which induces a homeomorphism from V a /H a onto U a . If U a 
and Up intersect each other, then the charts (U a , V a , H a ,p a ) and {Up,Vp,Hp,pp) satisfy 
suitable compatibility conditions. Such a family {(U a , V a , H a ,p a )} is called an orbifold 
atlas. For any point x in M, there exists a special type of orbifold chart (U x , V x , H x ,p x ) 
with the property that p~ x {x) is a single point x G V x . The isomorphism class of the 
group H x is uniquely determined by x and is called the isotropy group of x. The order 
of H x , denoted by d x , is called the multiplicity of the point x. Such an orbifold chart 
will be called a reduced orbifold chart. When M is connected, the minimum of the 
multiplicities is called the multiplicity of the orbifold M and is denoted by d(M). The 
set {x G M | d x = d(M)} is open and dense in M. It is a manifold. This set is called the 
principal stratum of the orbifold M. We have d(M) = 1 if and only if the actions of all 
the isotropy groups are effective. 

A map / : M — > M' from an orbifold M into another orbifold M' is called smooth if, 
near every point x in M, there is a homomorphism p a : H a H' a and a p^-equivariant 
smooth map f a : V a — > V' a for suitable orbifold charts (U a ,V a , H a ,p a ) for M around x 
and (£/^, V^, H' a ,p' a ) for M' around f(x) satisfying the commutativity relation p' a o f a = 
f o p a - A subset M of an orbifold M' is called a suborbifold if, for each orbifold chart 
{U' a , H' a ,p' a ) of M', V a = (M nU' a ) is an ^-invariant submanifold of V^. If this is 
the case, M becomes an orbifold with orbifold charts (U a , V a , H a ,p' a ) where U a = MnU' a , 
and the inclusion M — > M' becomes a smooth map. It may happen that d(M) > d(M') 
(M and M' are assumed connected). The integer d{M\M') = d(M)/d(M') will be called 
the relative multiplicity of the pair (M, M'). 

Orbifold vector bundles are also defined. Typical examples are the tangent bundle of 
an orbifold and the normal bundle of a suborbifold. An orbifold is orientable if its tangent 
bundle is orientable. If E — > M is an orbifold vector bundle over a connected orbifold, 
then the relative multiplicity of the orbifold vector bundle E is defined to be d(M\E) 
where M is identified with the zero-section and is considered as a suborbifold of E. If 
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M is a suborbifold of M' and v is the normal bundle of M in M', then d(M\u) equals 
d(M\M'). 

Let G be a Lie group. An action of G on an orbifold M is a smooth map ip : GxM — > M 
satisfying the usual rule of group action. Suppose that G is connected. If x G M is a 
fixed point of the action, and (U x , V x , H x ,p x ) is a reduced orbifold chart around x such 
that U x is invariant under the action of G, then there is a finite covering group G x of G 
and an action of G x on 14 which covers the action of G on U x . If G is compact, the fixed 
point set of the action is a suborbifold. 

Now let M be an oriented, closed orbifold of dimension 2n with an effective action of an 
n- dimensional torus T. A connected component of the fixed point set by a circle subgroup 
is a suborbifold. A suborbifold of this type which has codimension two and contains at 
least one fixed point of the T-action will be called a characteristic suborbifold. Let Mj be 
a characteristic suborbifold and x G Mj. We take, as we may, a reduced orbifold chart 
(U X ,V X , H x ,p x ) around x such that V x is an open disk in M 2n and the action of H x on 
V x is linear. We denote by the same symbol V x the tangent space to V x at the point 
x = p~ 1 (x). Then the vector space V x decomposes into a direct sum V ix © V ix where V ix 
is tangent to p~ x {U x n Mj), and the vector space Vi X represents the fiber direction of the 
normal bundle of Mj in M. The isotropy group H x acts on V ix . 

Lemma 12.1. Let M be an oriented closed orbifold as above and Mi a characteristic 
suborbifold. Let Si denote the circle subgroup which fixes the points of Mj . Then there 
exists a finite covering group Si of Si and a lifting of the action of Si to the action of Si 
on V x for any point iGM,. The lifted action of Si preserves V ix . 

Proof. To x G Mi we correspond the degree of the minimal finite covering S ix of Si such 
that there is a lifting of the action to S ix . The lifted action necessarily preserves V ix . It 
is not difficult to see that the correspondence is locally constant. Since Mj is connected 
the correspondence must be constant. □ 

Hereafter we denote by pi : Si — > Si the minimal finite covering of Si with the above 
property. Si acts effectively on V x . 

An oriented, closed orbifold M of dimension In with an effective action of a torus T 
of dimension n with non-empty fixed point set M T equipped with a preferred orientation 
of the normal bundle of each characteristic suborbifold will be called a torus orbifold if, 
for each Mj and at each point x G Mj, the action of H x preserves the orientation of each 
Vi X . Note that choosing an orientation of a characteristic sub manifold is equivalent to 
choosing an orientation of its normal bundle. Thus a torus manifold is a torus orbifold in 
the above sense. Another example is a unitary torus orbifold. A unitary torus orbifold is 
a torus orbifold such that V a is a unitary manifold, the action of H Q preserves the unitary 
structure of V a for each orbifold chart (U a , V a , H a ,p a ) and the action of T on M also 
preserves the unitary structure of V^s. 

Let M be a torus orbifold. The preferred orientation of the normal bundle z/j of Mj 
makes it a complex orbifold line bundle. Then there is a unique isomorphism tpi : S 1 — > Si 
such that tp(z) acts by the complex multiplication of z on each Vi X . We identify Si with 
S* 1 via ifi. The homomorphism pi : S 1 = Si — > T defines an element i>j G Hom(S' 1 ,T) = 
H 2 (BT;Z). We are now ready to define the multi-fan A(M) = (S(M), C(M), w(M) ± ) 
associated with a torus orbifold M in an entirely similar way to the case of torus manifolds. 
Specifically 

S(M) = {/ | (n ie/ M,) T + 0}, 
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and C(M)(I) is the cone in H 2 (BT;'R) with apex at and spanned by {vi \ i G /}. 
Furthermore w(M) ± (J) = #{x G Mj \ e x = ±1} for I G £(M)( n \ where e x is defined to 
be the ratio of two orientations at x, one which is given by the orientation of M and the 
other by that of the oriented vector space V x = (Bi£iVi X . 

We set f> = Yl ieI Si for / G £(M)W and Pl = f\ ieI Pi ■ % -> T. The image of p 7 is 
denoted by Tj. pi : Tj — > Tj is a finite covering. Tj fixes the points of Mj = f] iGJ Mj. 
If / G S(M)("), then T 7 = T. Let x be a fixed point of the action of T on M. Then 
there is a unique / G S(M)^ such that x belongs to M/. The inclusion S* 1 = Si — > 7/ 
defines an element 5, G Hom(S' 1 ,T/) = if 2 (-BTV;Z), and we have pi*(vi) = t>«. 14 and 
V^ x , j 6 /, are complex T/-modules, and the decomposition 14 = ®i<^iVi X is compatible 
with the action of Tj. The effectiveness of the T-action on M implies that Tj effectively 
acts on V x ; equivalently, it implies that {r>i \ i G /} is a basis of H 2 {BT I ] r L). Since 
p u : H 2 (BT I ;Z) — > H 2 (BT;Z) is injective, the i G /, are linearly independent in 
H 2 (BT; R). 

Lemma 12.2. A(M) zs a complete multi-fan. 

Proof. The argument is almost similar to the case of torus manifolds. One has only to 
observe that the characteristic suborbifolds and their intersections are torus orbifolds and 
a 2-dimensional torus orbifold is topologically a 2-sphere acted on by a circle group with 
exactly two fixed points. □ 

Lemma 12.3. Suppose d(M) = 1. Let I G S(M)^- ) ; and let x be a point in the principal 
stratum (as an orbifold) of Mi. Then the isotropy group H x of x is isomorphic to the 
kernel of pi : Ti — > T. 

Proof. Let (U X ,V X , H x ,p x ) be an orbifold chart around x. We may regard V x as an n 
dimensional TV-module as before. As such, V x is decomposed as a direct sum of Tj- 
modules 

Vx = (®ieiV ix ) © V 

where V is projected into Mi by p x . Ti = Yliei ^ can ^ e regarded as embedded in the 
general linear group of ©ie/V^. Since H x acts on each Vi X preserving its orientation, there 
is a homomorphism H x — > T/. The action of H x on V is trivial. Moreover the action of 
H x on V x is effective because d(M) = 1. It follows that the homomorphism above embeds 
H x into T/. Since the kernel of pi is equal to the intersection of T} with the image of H x , 
it is isomorphic to H x . □ 

It is known that a closed oriented orbifold M of dimension n has the fundamental 
class [M] G if„(M;Z), and that the Poincare duality holds, i.e., the operation = 
[M]n : Jf 9 (M; Q) -> H n _ q (M; Q) is an isomorphism. If / : M — > M' is a smooth map 
from an oriented close orbifold M to another such M', then the Gysin homomorphism 
/, : H q (M; Q) -> H q+n ~ n '(M'; Q) is defined to be the compostion tf" 1 o /. oj?, where n' is 
the dimension of M' . If a compact Lie group G acts on M and M', and / is equivariant, 
then the equivariant Gysin homomorphism f\ : Hq(M;Q) — > H^~ n ~ n (M'; Q) is also 
defined. 

Henceforth M will be a torus orbifold. For each i G S(M)^\ we set 

& = e H %(M;Q), 

where /j : Mj — > M is the inclusion. 
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Lemma 12.4. Let cf(z/j) be the equivariant first Chern class of the normal bundle z/j. 
Then we have 

cl{n) = /*(&)■ 

Proof. We may assume that d(M) = 1. Take an equivariant Thorn form for the 
equivariant orbifold bundle z/j (we refer to [3] for Thorn form and Chern form, cf. also 
[TU]). Let x be a point in the principal stratum of Mj, and (U X ,V X , H x ,p x ) a reduced 
orbifold chart around x. The restriction of to V x is invariant under the action of H x and 
its support is contained in a tubular neighborhood WiofVi= p x l {Ui), where Ui = U x DMi. 
Moreover, with respect to the fibering 7Tj : Wi — > Vi, we have |if x |~ 1 (7fj) ! , t (0) = 1, where 
(7Tj)* is the integration along the fiber of 7Tj. Note that the fiber is Vi X , and that the 
action of H x preserves the orientation of Vi X . The equivariant Chern class cf(i>i) is the 
restriction to Mj of the cohomology class [0] of 0. Here [0] is considered as a relative 
class in H^(W, W \ Mj; R) where W is a tubular neighborhood of Mj. 

On the other hand, £j is the restriction of a cohomology class if> G H^iW, W \ Mf, R) 
such that 

tt*(V>) = 1 G H°(W;R) = #°(M;M), 

where ir : W — > Mj denotes the projection of the fibration. Note that the fiber of tt is 
Ui X = Vi X /H x , where H x acts effectively on V, x . We have 

7 r^[<p}) = \H x \- 1 (n i ) if ([ ( p}) = l = 'K^). 

But it* is an isomorphism (Thorn isomorphism). Hence we have [0] = if), and consequently 

c f(z/,) = [0]|M = ^|Mj = /;(&). 

□ 

We noticed that, for / G £(M)W, {vi \ i G /} was a basis of H 2 (BT;R). Let be 
the dual basis in H 2 (BT; R). This can be interpreted in the following way. Let {ttj | i G /} 
be the basis of H 2 (BTj; Z) dual to {vi \ i G /}. We have P/(wf) = £tj, since pi*{v-i) = fj. 
We identify i? 2 (5T/;E) with H 2 (BT;R) by the isomorphism p}. Then F 2 (ST 7 ;Z) can 
be considered as embedded in H 2 (BT;R). With this convention we have «f = £tj. 

Let a; G M T be a fixed point of the T-action. In the sequel we identify H^(x; R) with 
H 2 (BT;R). 

Lemma 12.5. Let I G S(M)^ and x G M 7 . T/jen £j|x = u\ G H 2 (BT; R) for tel. If 
j I, then £j\x = 0. 

Proof. By Lemma fl 2 .41 we have 

&\x = cf (Vi\x). 

But z/j|x viewed as T/-module is Vi X . It follows that c\' {yi\x) = Ui. Hence 

cj (vi\x) = u{. 

If j ^ /, then x ^ Mj. Therefore = 0. □ 

If we consider u\ = Ui as an element of Hom(T/, S 1 ) = H 2 (BTf, Z), then Lemmas 112.51 
and II 2 .61 imply that u\ is nothing but the T/-module Vi X . The following Lemma describes 
the algebra structure of H^(M; R) over H*(BT; R) modulo H*(BT; IR)-torsion as in the 
case of torus manifolds (Lemma 19. 
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Lemma 12.6. The following equality holds for any u G H 2 (BT; M): 



7i* (u) = {u,Vi)^i modulo H*(BT;M) -torsion. 

«es(M)( 1 ) 



Proof. Let x G Mj C M T be a fixed point of the T-action. We restrict both sides of the 
equality in Lemma H2.fi! to x. On the left hand side we get u. On the right hand side the 
result is 



by virtue of Lemma [12.51 But this is equal to u by the definition of the u\. Thus both 
sides coincide after the restriction to each x G M T . Since the restriction homomorphism 
7i* : H^(M;R) -> 7f£(M r ;R) is injective modulo H*(BT; E)-torsion, the equality is 



Remark. The equality in Lemma fl2.fjl characterizes the vectors Vi in terms of the & as in 
Lemma 19.31 

We set N = H 2 (BT; Z) and define iVj for 7 G E(M) (n) to be the lattice generated by 
the Vi, % G 7. 

Lemma 12.7. Assume that d(M) = 1. Let x G Mr twitb 7 G S(M)( n \ TTien H x is 
isomorphic to Ker pi . Moreover Ker is isomorphic to N/ Nj . 

Proof. We have already shown that H x is isomorphic to the kernel of pi in Lemma [12.31 
For the second part it suffices to note that N and Ni can be identified with the funda- 
mental group of T and Tj. Therefore the kernel of pi is isomorphic to N/Nj. □ 

Remark. Hereafter we identify H x and N/ Nj with Ker pj C Tj through the isomor- 
phisms given in Lemma 112.71 We put xi( u ^ v ) = exp(27r-\/— l(u, v )) for u G H 2 (BTi]Z) 
and f G H 2 (BT;'R). If w is fixed, then the value xi( u i v ) depends only on the equiv- 
alence class of v modulo Nj. Hence, if we identify Si with S 1 via (fi as before and Tj 
with Yliei v ^ a riie/V 9 ^ then the map exp : H 2 (BT;M) — > Tj defined by exp(f) = 
Yliei exp(27ri/— , f)) is a universal covering map and its kernel is Nj. It induces an 
isomorphism from H x = N/Nj onto Kerp/. We shall write xi{ u >9) instead of Xi{ u -> v ) 
for g = exp(f) G Tj as in Sectional Let V be a one dimensional T/-module. It defines 
an element u G Hom(T/, S 1 ) = H 2 (BTj] Z). Then the action of g G Tj on V is given by 
the complex multiplication by Xi{ u i 9)- 

Suppose that M is a unitary torus orbifold such that d(M) = 1. Let L be a T- 
invariant complex line bundle over M. By using the hermitian connection of M and a 
hermitian connection of L, a Dirac operator twisted by L is defined as in the case of 
torus manifolds. Its index is a T-module. It is called the equivariant Riemann-Roch 
number with coefficient in L, and is denoted by RR T (M, L) G R(T). It can be expressed 
by the fixed point formula due to Vergne [HH]; cf. also [TUj. The formula is particularly 
simple when all the fixed points are isolated. It is convenient to write down the image of 
RR T (M, L) by ch : R(T) -> H**(BT; E); the result is 

Lemma 12.8. Let £ = cf(L) be the equivariant Chern class of L. Then 




confirmed. 



□ 



ch(RR T (M,L)) = 



E 



77 



X 



gdH, 



iUiei^-xiM^g)- 1 ^) ' 
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where I x £ S(M) (ri) is such that x £ M Ix . 

It can be shown that, if x and y both lie in the same Mj, then £\x = £\y for £ = cJ(L). 
The proof is same as in the case of torus manifolds as was given in [27J. We shall write 
uj = cJ(L)\x for x £ Mj. Taking Remark below Lemma fl 2 .71 in account, we get 

Proposition 12.9. 

Since ch : -R(T) — > H**(BT;M.) is injective, the formula in Proposition 112.91 character- 
izes RR T (M,L). Using the notation in Section [71 we obtain 

Corollary 12.10. 

RR-(M,L)= V E ^¥ ^ 

When ui = cf{L)\x, x £ Mj, lies in iV* = H 2 (BT;Z), then Xi{ui,g) = 1 for all 
5 £ iV/iVj. Therefore, if uj £ iV* for all / £ E(M)W, then 

^(M,L)= V « V ! ,-. 

i^'i ^n^i-x/W.s)- 1 *-.') 

By observing that g i— > Xi( u i9) is a character of N/Nj for any -u £ H 2 (BTj,Z) = 
Hom(T/, S 1 ), the formula above can be rewritten in the following form: 

(12.1) RR-(M,L) = V V ! r . 

The right hand side of this formula (12.1) appeared in Corollary 17.41 There, it was 
related to a lattice multi-polytope V, in which uj is contained in N* for all I £ £W, and 
the Duistermaat-Heckman function DH-p + . Suppose that cJ(L) is of the form c\(L) = 
Sies(M)( 1 ) e Ht(M;M). Then the above multi-polytope V is nothing but the one 
whose first Chern class is c\(V) = Yl°i x i as i n Section 8. Note that V is not always a 
lattice multi-polytope in this case. 

Remark. Corollary 17.41 shows that the right hand side of the formula (12.1) depends 
only on A(M) and V; namely, it does not depend on the choice of generating vectors 
Uj £ H 2 (BT\ R) in so far as they lie in N = H 2 (BT; Z) and {u\ \ i £ 7} is interpreted as 
the dual basis of {t>j | % £ /}. 

When M is a torus manifold, the Duistermaat-Heckman function has a geometric 
meaning coming from the moment map of the line bundle L as was explained in SectionlTTl 
There the role of the winding number was also explained. These notions are generalized 
to the case of torus orbifolds and similar results hold in this case too. The details can be 
worked out without much alteration and are left to the reader. 

The T^-genus of a torus orbifold is also defined by using the fixed point formula due to 
Vergne in a similar way as in Section 10, and the analogue of Theorem 10.1 holds, the 
details are left to the reader. 
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13. Realizing multi-fans by torus orbifolds 

In the previous section, we associated a complete simplicial multi-fan of dimension n 
with a torus orbifold of dimension 2n. In this section, we consider the converse problem. If 
a multi-fan A is associated with a torus orbifold M, then we say that A is (geometrically) 
realized by M, or M realizes A. 

We recall how the multi-fan of M changes when the orientations on M or Mj are re- 
versed. If the orientation of M is unchanged but that of Mj is reversed, then the orienta- 
tion of the normal bundle of Mj is reversed and, hence, 1-dimensional cone C(i) tunrs into 
the cone -C(i), and the pair (w(M) + (I), w{M)~(I)) turns into (w(M)~(I), w(M) + (I)) 
for I G E(M)( n ) containing % while others remain unchanged. If the orientations of 
M and of all the Mj's are reversed, then all the cones C(i)'s remain unchanged but 
(w(M) + (I),w(M)-(I)) turns into (w(M)-(I),w(M)+(I)) for any / G E(M)W so that 
w(M)(I) turns into -w(M)(I) for any I G S(M)H The torus orbifold M with the 
reversed orientations of M and all the Mj's will be denoted by — M. 

The underlying space of a torus orbifold of dimension 2 is S* 2 with the standard S* 1 - 
action. In this case, there are two characteristic submanifolds. They are S^-fixed points. 
Taking orientations on S 2 and its characteristic submanifolds into account, we easily have 
the following theorem. 

Theorem 13.1. A complete simplicial multi-fan A = (£, C, of dimension 1 is geo- 
metrically realized if and only ifH is isomorphic to the argumented simplicial set obtained 
from the boundary of a 1-simplex and {w + (I) , w~ (I)} = {1,0} as a set for I G E^. 

The analysis of a torus orbifold of dimension 4 is more complicated. In this case, each 
characteristic suborbifold is homeomorphic to S* 2 and has two fixed points. Therefore, 
if two of the characteristic suborbifolds intersect, then they intersect at one point or 
two points, and if they intersect at two points, then they do not intersect at any other 
characteristic suborbifolds. We also note that a T-fixed point is an intersection of two 
characteristic suborbifolds. These facts imply the "only if part in the following theorem. 
We will prove the "if part later. 

Theorem 13.2. A complete simplicial multi-fan A = (£, C, w^) of dimension 2 is geo- 
metrically realized if and only if the following two conditions are satisfied for each I G S^ 2 ^; 

(1) {w + (I),w-(I)} = {1,0} or {1,1}, 

(2) when {w + (I),w (I)} = {1,0}, there are exactly two elements, say I' and I", 
in X^ 2 ) such that I H I' and I H I" are in and I D I' D /" = 0, and when 
{w + (I),w-(I)} = {1, 1}, there is no element V G £( 2 ) such that I n V G . 

In contrast to the low dimensional cases above, we have 

Theorem 13.3. Any complete simplicial multi-fan of dimension > 3 is geometrically 
realized. 

In the following A = (S,C, w ± ) will be a complete simplicial multi-fan of dimension 
n > 2 unless otherwise stated. Here is an outline of how to realize A by a torus orbifold. 
We choose and fix a generic (rational) 1-dimensional cone in iV R , and decompose A using 
it into a number of what we call minimal multi-fans. Minimal multi-fans can essentially be 
realized by weighted projective spaces. We paste them together by performing equivariant 
connected sum along characteristic suborbifolds and at T-fixed points to obtain a desired 
torus orbifold realizing the given A. 
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Equivariant connected sum is performed through two isomorphic orbifold charts. In 
this way attention should be payed to orbifold structures. So we make a remark on 
orbifold structures at this point. There are many choices of an orbifold structure on M 
(e.g. S 2 with the standard ^-action admits infinitely many orbifold structures), but 
the associated multi-fan does not depend on the choice of an orbifold structure. In fact, 
the circle subgroup Si determined by the vector Vi in the previous section is the one 
which fixes points in the characteristic suborbifold Mi, so the line generated by t>j is 
independent of the orbifold structure. Moreover the direction of t>j is determined by the 
choice of orientations on M and Mj, so the cone spanned by Vi is independent of the 
orbifold structure. What depends on the orbifold structure is the length of vi which is 
equal to the degree of the covering map Si — > S^. In this way the vectors Vi reflect the 
orbifold structure related to the torus action. We shall call the vector Vi the edge vector 
of the 1-dimensional cone C(i). 

We shall use two types of equivariant connected sum; one is at T-fixed points and the 
other is along characteristic suborbifolds. Let us explain the former first. Suppose that 
torus orbifolds M and M' with d(M) = d(M') have T-fixed points q and q' respectively 
such that the n-dimensional cones and the edge vectors corresponding to them are the 
same and the signs e q and e q > at q and q' are opposites. Then there are a finite covering 
T of T, a finite subgroup H of T and orbifold charts (U, V, H,p) and (U', V, H,p') around 
q and q' respectively such that V is an invariant open disk centered at the origin in a 
T-module. In particular a diffeomorphism (in the sense of orbifold) / from the closure of 
U onto that of U' is induced. Moreover / sends characteristic suborbifolds that contain q 
onto characteristic suborbifolds that contain q' . It should be noticed that / is orientation 
reversing on U and on all the characteristic suborbifolds. We remove U and U' from M 
and M' respectively and glue their boundaries through the diffeomorphism / restricted to 
the boundaries. The resulting space is a torus orbifold with the orientations compatible 
with the torus orbifolds M and M' . 

Let us explain the equivariant connected sum along characteristic suborbifolds. For 
the sake of simplicity we assume that d(M) = 1. Let Mj be a characteristic suborbifold, 
p a point in the principal stratum of the orbifold Mj. We may assume that the isotropy 
subgroup at p of the T-action is the circle group Si. Let Si be the covering group of Si 
corresponding to the edge vector Vi as introduced in the previous section. Denote by Vi 
the standard complex 1-dimensional Sj-module and by D(Vi) the unit disk of Vi. Then 
it follows from the Slice Theorem and Lemma 112.31 that the T-orbit of p has a closed 
invariant tubular neighborhood Ui in M equivariantly diffeomorphic to 

(13.1) (T x<j. D(Vi)) x D n ~~ x 

where T x§. D(Vi) denotes the orbit space of T x D(Vi) by the S^-action defined by 
s(t,x) = (tpi(s)~ 1 ,sx) for s G Si,t G T and x G D{Vi). 

Suppose that there are characteristic suborbifolds Mj and M[, of torus orbifolds M 
and M' with d(M) = d(M') = 1 respectively such that the corresponding edge vectors 
coincide. Then the corresponding circle subgroups Si and S[, agree and there is an 
equivariant diffeomorpism between Ui and U[, reversing the orientations induced from 
M, Mj, M' and M[, because both Ui and U[, are equivariantly diffeomorphic to the space 
in (13.1) and D n ~ l (n > 2) has an orientation reversing self-diffeomorphism. We remove 
the interior of Ui and U[, from M and M' and paste them together along the boundaries 
of Ui and U[, through the orientation reversing equivariant diffeomorphism restricted to 
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the boundaries, producing a new torus orbifold, say M" . We call this procedure the 
equivariant connected sum of M and M' along Mj and M'y. The codimension of the 
principal orbits in Mj and M[, is n — 1, so when n > 3, Mj and M[, are pasted together 
to become one characteristic suborbifold in M" and A(M") is obtained from A(M) and 
A(M') by identifying i with i'. However, when n = 2, the characteristic suborbifolds 
Mj and M[, are S" 2 and the principal orbits in them are circles; so the orbits separate 
Mj and M[, into two connected components respectively and hence two characteristic 
suborbifolds of M" are produced. 

Let I G S(M)W and /' G S(M') (n) be such that C(M)(7) = C{M){I'). Suppose that 
the corresponding edge vectors are the same for / and I'. Then one can make equivariant 
connected sum of M and M' along each pair of characteristic suborbifolds Mj and M-, 
such that C(M)(i) = C(M')(i') for i & I and %' G I', and then elements in I and /' will 
be identified in pairs in the multi-fan of the resulting torus orbifold and the weights w ± 
on the identified n-dimensional cone is the sum of those at I and I'. 

We say that A is connected if S is connected. According to the decomposition of S 
into connected components, the multi-fan A decomposes into connected multi-fans which 
are again complete simplicial and of dimension n. 

Lemma 13.4. Suppose n > 2. Then the multi-fan A is geometrically realized if all 
connected components of A are geometrically realized. 

Proof. Let M be a torus orbifold of dimension 2n and let p be a point in the principal 
stratum of M. We may suppose that d(M) = 1. A closed tubular neighborhood U of the 
orbit of p is equivariantly diffeomorphic to T x D n and the complement of U is connected 
because M is connected and the orbit has codimension n > 2. 

Let M' be another torus orbifold of dimension 2n with d(M') = 1, and let U' be a 
closed subset in M' corresponding to U in M. Since both U and U' are equivariantly 
diffeomorphic to T x D n and D n has an orientation reversing diffeomorphim, there is 
an orientation reversing equivariant diffeomorphism between U and U' . We remove the 
interior of U and U' from M and M' respectively and glue their boundaries through the 
diffeomorphism restricted to the boundaries and obtain a new torus orbifold M" . The 
multi-fan A(M") is the disjoint union of A(M) and A(M'). (Precisely speaking, S(M") 
is the disjoint union of E(M) and S(M') with the empty sets in them identified.) 

If all connected components of A are geometrically realized, then we connect torus 
orbifolds that realize the connected components of A by the above method. Then the 
resulting torus orbifold realizes A. □ 

As is shown in the proof of Lemma 113.41 whenever we have more than two torus 
orbifolds of dimension n > 2, we can connect them and the multi-fan of the resulting 
torus orbifold is the disjoint union of the multi-fans of the torus orbifolds we had. 

Definition. We say that a complete simplicial multi-fan A = (S,C, w^) of dimension n 
is minimal if 

(1) E is isomorphic to the argumented simplicial set obtained from the boundary of 
an n-simplex, and 

(2) the set {w + (I) , w~ (I)} is independent of I e £ (n) . 

Although the set {w + (I), w~(I)} is independent of / for a minimal multi-fan A, the pair 
(w + (I), w~(I)) may not be independent of / G S^ n ^. But one can convert A into another 
minimal multi-fan A = (£, C, w ) such that the pair (w + (I), w~(I)) is independent of /. 



THEORY OF MULTI-FANS 



49 



The definition of A is as follows. Since A is of dimension n and the cardinality of TP-> 
is n + 1, there is a relation J^i^-EW bi v i = among the edge vectors i>, with non-zero real 
numbers fej. We then define 



and define C(K) for K E £ (m) with m > 2 to be the cone spanned by C(/c)'s for k E K. 
We also define 



Lemma 13.5. A is minimal and satisfies the following two conditions: 

(1) the n-dimensional cones C(I) (I E do not overlap and their union covers 
the entire space Nr, and 

(2) the pair (w + (I) , w~ (I)) is independent of I £ E^. 
Moreover A is geometrically realized if and only if so is A. 

Proof. Let Vi be a non-zero vector in the cone C{i). One may choose it to be Vi if hi > 
and —Vi if hi < 0. Then one has a relation J2ieT,w ^» = ^ with positive numbers 6j. 
This implies the statement (1) in the lemma. 

We shall prove the statement (2) in the lemma. Let J E S^ n_1 \ Since the cardinality 
of E^ 1 -* is n + 1, there are exactly two elements i, %' E not contained in J, and JU {i} 
and J U {i'} are in S^ n \ in other words, the (n — l)-dimensional cone C(J) is a facet of 
only two n-dimensional cones C(JU{i}) and C( J U {«'}). We project them on i\f (J) (the 
quotient space of -/V K by the subspace generated by C(J)). Then the vectors projected 
from Vi and vy are toward opposite directions if and only if fo^j/ > 0. It follows from 
the completeness of A that w(J U {i}) = sign(6j6j/)w( J U {«'}). This together with the 
definition of w ± shows that w(J U {z}) = w(J U {«'}). Since J G E^™ -1 ) is arbitrary, this 
proves the statement (2). It also proves the completeness of A, so that A is minimal. 

The procedure from A to A corresponds to reversing orientations on characteristic 
suborbifolds Mj with \ < 0, so the latter statement in the lemma is obvious. □ 

Lemma 13.6. Let A be a minimal multi-fan of dimension n > 2. If n > 3, then 
A is geometrically realized. If n = 2, then A is geometrically realized if (and only if) 
{w + (I) , w~ (I)} = {1,0} for any I E £( 2 ). In any case we can take an orbifold struc- 
ture on the realizing torus orbifold such that the corresponding edge vectors {v^ are all 
primitive; that is, if Vi = for some v\ E N and di E Z, then a, = ±1. 

Proof. By Lemma 113.51 we may assume that the union of cones C(J) over / G 
covers the entire space N R and the pair (w + (I), w~(I)), which we denote by (p, q), is 
independent of /. When (p, q) = (1, 0), A can be realized by a weighted projective space, 
say X. There is an orbifold structure on a weighted projective space such that the edge 
vectors are all primitive. We admit these facts for a moment; the proof will be give in 
the appendix at the end of this section. Then —X realizes the case when {p, q) = (0, 1). 
This completes the proof when n = 2. 

Suppose n > 3. For a general value of (p, q), we prepare p copies of X and q copies 
of —X and do equivariant connected sum along all X^s and — X^s for each i E Y>(X). 




if h > 0, 
if b t < 0, 



(w+(I),w-(I)): 



(w+(I),w-(I)) 



if G / | hi < 0} is even, 
if ft{i G / | hi < 0} is odd, 



for / G £ (n) . 
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Then the resulting torus orbifold realizes A. The edge vectors are all primitive in this 
construction since it is so for X. □ 

Now let A be an arbitrary complete simplicial multi-fan of dimension n > 2. We 
decompose A into a number of minimal multi-fans as follows. We choose and fix a 
generic (rational) 1-dimensional cone in TVr, say £, which is not contained in any subspaces 
spanned by cones of dimension < n — 1 in A. We label I as *. To each n-dimensional 
cone C(I) for / e E^, we form n cones which are respectively spanned by £ and facets 
of C(I). These n cones together with C(I) determine a simplicial multi-fan A [7] = 
(£[7], C[I], w[I]^), where E[7] consists of all proper subsets of 7 U {*}. The weight 
functions w[7] ± are defined as follows. Let Vi be a non-zero vector in Cii) for each i E 7 
and v+ a non-zero vector in I. Then there is a relation 



13.2) ^ + ^a^ = 



with non-zero real numbers a^'s. Let X E S[7]( n ). Then X = 7 or (7\{z}) U {*} for i E I. 
We define 

((w + (I),w-(I)) ifX = 7or 
(13.3) (w[I] + (I),w[I]-(l)) :=l 1= (J\{i» U {*} and a t > 0, 

[{w-(I),w + {I)) if X= (7\{i» U {*} and en < 0. 

Lemma 13.7. A [7] is complete and hence minimal. 

Proof. The proof is essentially the same as that of lemma fT3. 51 As remarked in Section 2, 
it suffices to show that, when a generic vector v gets across an (n — l)-dimensional cone, 
the integer d v in Section 2 remains unchanged. Let J be an element of E[7]^ n_1 ^ and let % 
and i' be the two elements in (7 U {*})\J7. Then X := J U {i} and X' := J U {i'} are the 
elements in £[7]*™) which contain J . We project cones C[7](X) and C[7](X') on N% mJ) . 
Then it follows from (13.2) that the vectors projected from Vi and v i> are toward opposite 
directions if and only if > 0, where a* is understood to be 1. This together with 
the definition (13.3) of w[7] ± implies that d v remains unchanged regardless of the sign of 
ajOj' when v gets across the (n — l)-dimensional cone C[7]( l 7). □ 

Let J E E^" 1 ) and let 7 1 ,...,7 r be the elements in £*") containing J. The n- 
dimensional cone spanned by C(J) and i appears in A[7^] for k = l,2...,r with the 
form C[7 fe ](JU {*}). 

Lemma 13.8. J2l=i w[h](J U {★}) = 0. 

Proof. Consider the projection of the cones C(7fc)'s on N^ J \ We define sign(7^) = 1 or 
— 1 according as the projection image oiC(Ik) disagrees or agrees with that of I. Applying 
(13.3) with I = Ik and 7\{z} = 7, one sees that 

w[I h ]{JU {*}) = sign(7 fe )w(7 fc ). 

On the other hand, it follows from the completeness of A that 

sign(/ s )=l sign(/ t )=-l 

These two equalities imply the lemma. □ 
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Proof of Theorem MS.Si By lemma H 3. 41 we may assume that A is connected. We choose 
a generic (rational) 1- dimensional cone I and decompose A using i into minimal multi- 
fans A[/]'s (J G E^). By Lemma 113.61 A [J] is realized by a torus orbifold, say M[J], 
such that all its edge vectors are primitive. We consider the disjoint union of M[I] over 
I G E*"' and piece them together using equivariant connected sum in the following way. 
For each i G we do equivariant connected sum of {M[Tj | % G 1} successively along 
M[/]j's, and similarly do equivariant connected sum of all M[J]'s along M[J]* as well. 
The resulting space is connected because A is connected, and becomes a torus orbifold. 
Its multi-fan is close to A but contains extra cones which are the cones spanned by I and 
C(J) for J G S (m) with m < n - 1. For a fixed J G £ (n_1) , it follows from Lemma IT3~£1 
that there are the same number of T-fixed points p with e p = 1 and q with e q = — 1 
contained in the union of M[J&] with J d h and corresponding to the cone spanned by 
I and C(J). Hence one can do equivariant connected sum at pairs of T-fixed points p 
and q so that those T-fixed points will be eliminated. Doing this for each J G E^" 1 ), 
we obtain a torus orbifold, say M, realizing A. In fact, the characteristic suborbifolds 
M[J]* turn into a codimension two suborbifold of M, which is fixed by the circle subgroup 
determined by I but has no T-fixed point, so it is not a characteristic suborbifold of M 
by definition. This means that all the cones in A[/]'s containing £ as an edge do not show 
up in the mulit-fan of M. □ 

Proof of Theorem \13.2\ We already observed the "only if part, so we prove the "if part. 
By Lemma fl3 .41 we may assume that our A, which satisfies the conditions (1) and (2) in 
Theorem 113. 2[ is connected. Then (the realization of) £ is either 
Case 1. a 1-simplex, or 

Case 2. the boundary of a d-gon where d > 3, 
and that 

+ f{M} in Case 1, 

{«,(/),«, «} = | {li0} mCase2 

Using the latter statement in Lemma I13.6[ the same argument as in the proof of Theo- 
rem [HUH! shows that A in Case 2 is geometrically realized. As for Case 1, let / G T,^ be 
the unique simplex. There exist a finite covering T —>■ T whose kernel H is isomorphic to 
N/Nj where Nj is the sublattice generated by the primitive vectors i>j's for i G I, and a 
2-dimensional T-module V corresponding to the cone C(I), as was explained in Section 
IT2l Then the one point compactification of V/H, i.e., the orbit space of S* 4 by an action 
of N/Ni, realizes our A in Case 1. □ 



Appendix. Realization of minimal multi-fans by weighted projective spaces. 

We identify the (n + l)-dimensional torus T n+1 = S 1 x • • • x S 1 with the standard 
maximal torus of GL(n + 1,C) consisting of diagonal matrices. We set T = T n+1 /D 
where D denotes the subgroup of diagonal elements (z, . . . , z). It is a maximal torus in 
PGL(n+l, C) and acts effectively on the projective space P n . Let Si denote the i-th factor 
of T n+1 . It is mapped injectively into T. We shall denote by the same letter Si its image 
in T. We set Mj = {[z , . . . , z n ] \ Zi = 0}, for i = 0, . . . , n. They are the characteristic 
submanifolds of P n regarded as a torus manifold with the orientations induced from the 
complex structure. If if is a finite subgroup of T, then the quotient Mh = f n /H is a 
torus orbifold acted on by T = T/H for which (Mh, P n , H,p) is an orbifold chart, where 
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p : P n — > Mh is the projection. It is called a weighted projective space. Its characteristic 
suborbifolds are M, = p(Mi), i = 0, . . .,n, and the corresponding circle subgroups are 
Si = ft(Si), where n : T — > T is the projection. The symmetric group S n+ i of degree 
n+1 acts on T n+l and also induces an action on T. It also acts on P n . If H a denotes the 
transform of H by an element a G <S n +i> then the transformation o : P n — > P n induces 
an isomorphism of torus manifolds Mh — > Mh° ■ We set 

WV — {H | finite subgroup of T}/«S n+ i. 

Every element in WP represents an isomorphism class of weighted projective spaces. 

In order to describe the multi-fan A H associated with the torus orbifold M H we intro- 
duce the following notations: 

JV = Z n+1 /diagonal submodule, Vi = image of in N, N = Z n , 

where is the i-th fundamental unit vector in Z n+1 . N is canonically identified with 
Hom(S' 1 , T). If one chooses an identification of Hom(S' 1 ,T) = H 2 (BT;7*) with N, then 
the finite covering map 7r : T — > T induces an injective homomorphism (p : N —>■ N. The 
vectors = ^(vj) are the edge vectors of the 1-dimensional cones of Ah- Note that they 
satisfy the equality 

(13.4) $>* = 0, 

i 

since the Uj's satisfy a similar equality. This implies that A# is a minimal multi-fan 
satisfying the conditon (1) in Lemma fl3.5l It is also clear that (w + (I) , w~ (I)) = (1,0). 
We shall denote by M.T the set of minimal multi-fans satisfying the above two conditions. 
If one chooses another identification of Hom(5' 1 ,T) with N, then (p is transformed to 
ip o tp where ip G GL(n, Z). GL(n, Z) acts on M.T from left by transforming the cones 
simultaneously by its elements. Let dn G Z be the maximal common divisor of the edge 
vectors V{ of Ah- We get a correspondence 

a : WV/S n+1 -> GL(n, Z)\7W^ x Z >0 

which sends if to (Ah,cIh)- 

Lemma 13.9. The correspondence a is a bijection. In particular, every minimal multi- 
fan A in M.T is realizable. 

Proof. We shall define a correspondence (3 : GL(n, 7£)\M.T x Z >0 — > WV/S n+ i which is 
to be the inverse of a. Take a multi-fan A in M. T and d G Z >0 . It is easy to see there is a 
unique set {yi\ of edge vectors of A such that £\ w« = and the maximal common divisor 
of is d. Define a homomorphism : iV — ► by requiring (f(vi) = fj. Then there 
is a unique finite covering map 7r : T — > T which induces tp : N — Hom(S l ,T) — > N = 
Hom(5' 1 , T). Let if be the kernel of 7T. The homomorphism (p, hence H either, does not 
depend on the choice of identification iV = Hom(S' 1 , T), but it depends on the numbering 
of fj's. So if we put P(A,d) = the class of H in WV/S n+ i, it induces a correspondence 
P as above. It is clear that (3 is in fact the inverse of a. □ 

Remark. Let a be a positive integer. The correspondence T n+1 3 (z , zi, . . . , z n ) i— > 
(zq, zf, . . . , z%) G T n+1 induces a homomorphism p : T — ► T. For a finite group H oiT 
define if' = p _1 (ii). The edge vectors {w^} corresponding to the torus manifold Mr* are 
of the form v[ = avi, where {vi} correspond to Mh- Hence A# = and dn> = adn- Let 
g : P n — > P™ be the map defined by g[z , z±, . . . , z n ] = [z^, z\ , . . . , z%\. Then it induces a 
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homeomorphism Mh< — > Mh which is equivariant with respect to the isomorphism of tori 
between T/H' and T/H induced by p. If Mh and Mh 1 are considered as algebraic varieties 
then the homeomorphism becomes an equivalence. It is a fundamental fact in the theory 
of toric varieties that to each fan corresponds a toric variety. The above equivalence gives 
an interpretation of this fact within this special case in our context. Related results are 
found in [2H|. Related to the above remark, for a later use, we point out the following 
fact. Let di, . . . ,a n be positive integers, and let Z/a* C S 1 be the subgroup of a^-th roots 
of unity. Set G = Hi Then the map C n 3 (z h ...,z n )^ (z? 1 . . . , zfr) G C n induces 

an equivalence of affine algebraic varieties C n /G — > C n . 

Let M H G WV and let {v ,} be the edge vectors corresponding to the orbifold structure 
as given above. Even if d# = 1, it may happen that some of v^s are not primitive. 
We will show that there always exists a torus orbifold structure on M# such that the 
corresponding edge vectors are all primitive. More generally we have 

Lemma 13.10. Let Mh be a weighted projective space and {v^ the corresponding edge 
vectors satisfying J2i v i = as given above. Suppose that {v^} are vectors in N such that 
Vi = div'i with a,i G Z>o. Then there is an orbifold structure on Mh which admits {v^} as 
the corresponding edge vectors. 

Proof. For each x G Mh let T x C T be the isotropy subgroup at x of the T-action on 
P™ where x G p~ x (x). T x does not depend on the choice of x in p~ 1 (x). If x lies in 
Int M I = Mj\ \Jj^ Mj for I G E(M H ) (fe) , then f x = Sj = U l€l We put H x = Hnf x . 

We take a family {V Xifl \fi G Z>o} of small T x -invariant open neighborhoods of x such that 
V X)fl converges to x when \x tends to infinity. We may assume that V X)fl is equivariantly 
diffeomorphic to an SV-invariant open disk in C n . It is possible to make V^'s so small 
that they satisfy the following condition: 

(13.5) H x = {h G H | h ■ V XtfM n V x> r ^ 0}. 

Then U Xifi = V x ^/H x is an open neighborhood of x in M H , and (U X;/X , V Xiti , H x ,p\V X)IJ ) is 
an orbifold chart of Mh compatible with (M#,P n , H,p). 

On the other hand the fact that Vi = div[ implies that the kernel of p : Si — ► Si contains 
Z/cij, which we denote by Gi. Since H is the kernel of p : T — ► T, Gj is contained in i/. 
We put G 7 = U ie i G i for J e S(M H ) (fc) and define 

= V x jG h H' x = H x /Gi for x G Int M>. 

„ can be considered as an open disk in C n as pointed out in Remark above. The pro- 
jection p\V x : V x — > U x induces a map p' x : V x — > U x which induces a homeomorphism 

We shall prove that the family {(U',V',H' x ,p') | x G M, p G Z >0 } forms a set 
of orbifold charts of an orbifold structure on Mh- For that purpose it suffices to show 
that, if U' C U y u , then there are an injective homomorphism p : H' x — > H' and a 
p-equivariant open embedding <fi : V' — > such that 

(13-6) p(^) = {he H ! y \h- <t>{V^) n 0(K )M ) ^ 0}- 

The condition (13.5) implies that, if x G Int M/ and y G Int Mj with / and J G E(M#), 
and if U' C t/"^, then J D J. Therefore 

If x C iy„ and GinH y = G, 7 . 
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It follows that the inclusion H x — > H y induces an injective homomorphism p : H' x = 
H x /Gi — > Hy/Gj = Hy. If x is taken in V y>u , then V x>ft is contained in V^„. The inclusion 
induces an embedding : V XfX — > V^. is clearly p-equi variant. The condition (13.6) 
follows from (13.5). 

If x lies in Mj, then the action of lifts to the action of = Si/Gi on V' Xil and the 
lifting is minimal. Hence the edge vector of C{%) corresponding to the orbifold structure 
defined above must be v[. □ 
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